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Abstract : Harris Markov chains make their appearance in many areas of
statistical modeling, in particular in time series analysis. Recent years have
seen a rapid growth of statistical techniques adapted to data exhibiting this
particular pattern of dependence. In this paper an attempt is made to present
how renewal properties of Harris recurrent Markov chains or of specific exten-
sions of the latter may be practically used for statistical inference in various
settings. When the study of probabilistic properties of general Harris Markov
chains may be classically carried out by using the regenerative method (cf
[82]), via the theoretical construction of regenerative extensions (see [62]),
statistical methodologies may also be based on regeneration for general Har-
ris chains. In the regenerative case, such procedures are implemented from
data blocks corresponding to consecutive observed regeneration times for the
chain. And the main idea for extending the application of these statistical
techniques to general Harris chains X consists in generating first a sequence
of approximate renewal times for a regenerative extension of X from data
X1,..., X,, and the parameters of a minorization condition satisfied by its
transition probability kernel, and then applying the latter techniques to the
data blocks determined by these pseudo-regeneration times as if they were
exact regeneration blocks. Numerous applications of this estimation principle
may be considered in both the stationary and nonstationary (including the
null recurrent case) frameworks. This article deals with some important pro-
cedures based on (approximate) regeneration data blocks, from both practical
and theoretical viewpoints, for the following topics: mean and variance esti-
mation, confidence intervals, U-statistics, Bootstrap, robust estimation and
statistical study of extreme values.
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1.1 Introduction

1.1.1 On describing Markov chains via Renewal processes

Renewal theory plays a key role in the analysis of the asymptotic structure
of many kinds of stochastic processes, and especially in the development of
asymptotic properties of general irreducible Markov chains. The underlying
ground consists in the fact that limit theorems proved for sums of independent
random vectors may be easily extended to regenerative random processes,
that is to say random processes that may be decomposed at random times,
called regeneration times, into a sequence of mutually independent blocks of
observations, namely regeneration cycles (see [82]). The method based on this
principle is traditionally called the regenerative method. Harris chains that
possess an atom, i.e. a Harris set on which the transition probability kernel is
constant, are special cases of regenerative processes and so directly fall into the
range of application of the regenerative method (Markov chains with discrete
state space as well as many markovian models widely used in operational
research for modeling storage or queuing systems are remarkable examples
of atomic chains). The theory developed in [62] (and in parallel the closely
related concepts introduced in [6]) showed that general Markov chains could
all be considered as regenerative in a broader sense (i.e. in the sense of the
existence of a theoretical regenerative extension for the chain, see § 2.3), as
soon as the Harris recurrence property is satisfied. Hence this theory made
the regenerative method applicable to the whole class of Harris Markov chains
and allowed to carry over many limit theorems to Harris chains such as LLN,
CLT, LIL or Edgeworth expansions.

In many cases, parameters of interest for a Harris Markov chain may be
thus expressed in terms of regeneration cycles. While, for atomic Markov
chains, statistical inference procedures may be then based on a random num-
ber of observed regeneration data blocks, in the general Harris recurrent case
the regeneration times are theoretical and their occurrence cannot be deter-
mined by examination of the data only. Although the Nummelin splitting
technique for constructing regeneration times has been introduced as a theo-
retical tool for proving probabilistic results such as limit theorems or proba-
bility and moment inequalities in the markovian framework, this article aims
to show that it is nevertheless possible to make a practical use of the latter
for extending regeneration-based statistical tools. Our proposal consists in an
empirical method for building approximatively a realization drawn from a
Nummelin extension of the chain with a regeneration set and then recover-
ing ” approximate regeneration data blocks”. As will be shown further, though
the implementation of the latter method requires some prior knowledge about
the behaviour of the chain and crucially relies on the computation of a con-
sistent estimate of its transition kernel, this methodology allows for numerous
statistical applications.

We finally point out that, alternatively to regeneration-based statistical
methods, inference techniques based on data (moving) blocks of fixed length
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may also be used in our markovian framework. But as will be shown through-
out the article, such blocking techniques, introduced for dealing with general
time series (in the weakly dependent setting) are less powerful, when applied
to Harris Markov chains, than the methods we promote here, which are specif-
ically tailored for (pseudo) regenerative processes.

1.1.2 Outline

The outline of the paper is as follows. In section 2, notations are set out and
key concepts of the Markov chain theory as well as some basic notions about
the regenerative method and the Nummelin splitting technique are recalled.
Section 3 presents and discusses how to practically construct (approximate)
regeneration data blocks, on which statistical procedures we investigate fur-
ther are based. Sections 4 and 5 mainly survey results established at length
in [8], [9], [10], [11]. More precisely, the problem of estima-ting additive func-
tionals of the stationary distribution in the Harris positive recurrent case is
considered in section 4. Estimators based on the (pseudo) regenerative blocks,
as well as estimates of their asymptotic variance are exhibited, and limit the-
orems describing the asymptotic behaviour of their bias and their sampling
distribution are also displayed. Section 5 is devoted to the study of a specific re-
sampling procedure, which crucially relies on the (approximate) regeneration
data blocks. Results proving the asymptotic validity of this particular boot-
strap procedure (and its optimality regarding to second order properties in
the atomic case) are stated. Section 6 shows how to extend some of the results
of sections 4 and 5 to V and U-statistics. A specific notion of robustness for
statistics based on the (approximate) regenerative blocks is introduced and in-
vestigated in section 7. And asymptotic properties of some regeneration-based
statistics related to the extremal behaviour of Markov chains are studied in
section 8 in the regenerative case only. Finally, some concluding remarks are
collected in section 9 and further lines of research are sketched.

1.2 Theoretical background

1.2.1 Notation and definitions

We now set out the notations and recall a few definitions concerning the
communication structure and the stochastic stability of Markov chains (for
further detail, refer to [72] or [60]). Let X = (X,),cy be an aperiodic ir-
reducible Markov chain on a countably generated state space (E, &), with
transition probability I, and initial probability distribution v. For any B € £
and any n € N, we thus have

Xo ~ v and P(Xn+1 €eB | Xo, ey Xn) = H(Xn, B) a.s. .
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In what follows, P, (respectively P, for x in E) will denote the probability
measure on the underlying probability space such that Xy ~ v (resp. Xog = x),
E, (.) the P,-expectation (resp. E, (.) the P,-expectation), I{.A} will denote
the indicator function of the event A and = the convergence in distribution.

A measurable set B is Harris recurrent for the chain if for any = € B,
P,(> 02 ,I{X, € B} = co) = 1. The chain is said Harris recurrent if it
is tp-irreducible and every measurable set B such that ¢(B) > 0 is Harris
recurrent. When the chain is Harris recurrent, we have the property that
P,(> 2 I{X, € B} = 00) =1 for any z € E and any B € & such that
¥(B) > 0.

A probability measure p on E is said invariant for the chain when pull = p,
where pll(dy) = [, pp(de)II (z,dy). An irreducible chain is said positive
recurrent when it admits an invariant probability (it is then unique).

Now we recall some basics concerning the regenerative method and its
application to the analysis of the behaviour of general Harris chains via the
Nummelin splitting technique (refer to [63] for further detail).

1.2.2 Markov chains with an atom

Assume that the chain is -irreducible and possesses an accessible atom, that
is to say a measurable set A such that ¢)(A) > 0 and II(x,.) = II(y,.) for all
x,yin A. Denote by 74 = 74(1) =inf {n > 1, X,, € A} the hitting time on A,
by 74(j) = inf {n > 74(j — 1), X,, € A} for j > 2 the successive return times
to A and by E4 (.) the expectation conditioned on Xy € A. Assume further
that the chain is Harris recurrent, the probability of returning infinitely often
to the atom A is thus equal to one, no matter what the starting point. Then,
it follows from the strong Markov property that, for any initial distribution
v, the sample paths of the chain may be divided into i.i.d. blocks of random
length corresponding to consecutive visits to A:

Bl - (XTA(1)+1?"'7 XTA(Q))7"'7 BJ == (XTA(j)+17 ceey XTA(j+1))’

taking their values in the torus T = UpZ; E™. The sequence (74(j));, defines
successive times at which the chain forgets its past, called regeneration times.
We point out that the class of atomic Markov chains contains not only chains
with a countable state space (for the latter, any recurrent state is an accessible
atom), but also many specific Markov models arising from the field of oper-
ational research (see [2] for regenerative models involved in queuing theory,
as well as the examples given in § 4.3). When an accessible atom exists, the
stochastic stability properties of the chain amount to properties concerning
the speed of return time to the atom only. For instance, in this framework,
the following result, known as Kac’s theorem, holds (¢f Theorem 10.2.2 in
(60)).

Theorem 1. The chain X is positive recurrent iff Ea(14) < co. The (unique)
ivariant probability distribution p is then the Pitman’s occupation measure
given by
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w(B) = EA(EA:H{XZ- € B})/Ea(7a), for all B € E.
i=1

For atomic chains, limit theorems can be derived from the application of
the corresponding results to the i.i.d. blocks (B,,)n>1. One may refer for ex-
ample to [60] for the LLN, CLT, LIL, [16] for the Berry-Esseen theorem, [56],
[57], [58] and [8] for other refinements of the CLT. The same technique can
also be applied to establish moment and probability inequalities, which are
not asymptotic results (see [26]). As mentioned above, these results are estab-
lished from hypotheses related to the distribution of the B,,’s. The following
assumptions shall be involved throughout the article. Let kK > 0, f : E — R
be a measurable function and v be a probability distribution on (E,£).

Regularity conditions:

Ho(k) : Ea(Th) < oo,
Ho(k, v): E (75) < oo.

Block-moment conditions:

TA

Ha(k, ) Ba((Q]1F(X0))F) < oo,

=1

Hi(k, v, f): ]Eu((ZIf(Xi)I)”) < o0

Remark 1. We point out that conditions Ho(x) and Hi(k, f) do not depend
on the accessible atom chosen : if they hold for a given accessible atom A, they
are also fulfilled for any other accessible atom (see Chapter 11 in [60]). Be-
sides, the relationship between the ”block moment” conditions and the rate of
decay of mixing coefficients has been investigated in [17]: for instance, Ho()
(as well as Hi(k, f) when f is bounded) is typically fulfilled as soon as the
strong mixing coefficients sequence decreases at an arithmetic rate n=", for
some p > Kk — 1.

1.2.3 General Harris recurrent chains
The Nummelin splitting technique

We now recall the splitting technique introduced in [62] for extending the
probabilistic structure of the chain in order to construct an artificial regener-
ation set in the general Harris recurrent case. It relies on the crucial notion of
small set. Recall that, for a Markov chain valued in a state space (E, ) with
transition probability 17, a set S € £ is said to be small if there exist m € N*|
6 > 0 and a probability measure I" supported by S such that, for all z € S,
Beé,
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™ (z,B) > §I'(B), (1.1)

denoting by II™ the m-th iterate of II. When this holds, we say that the
chain satisfies the minorization condition M(m,S,d,I"). We emphasize that
accessible small sets always exist for ¢-irreducible chains: any set B € £ such
that ¢(B) > 0 actually contains such a set (¢f [48]). Now let us precise how
to construct the atomic chain onto which the initial chain X is embedded,
from a set on which an iterate II™ of the transition probability is uniformly
bounded below. Suppose that X satisfies M = M(m, S,d,I") for S € £ such
that +(S) > 0. Even if it entails replacing the chain (X,), cy by the chain
((Xnm, e Xn(m+1)_1))n€N, we suppose m = 1. The sample space is expanded
so as to define a sequence (V,)nen of independent Bernoulli r.v.’s with pa-
rameter J by defining the joint distribution P, »4 whose construction relies
on the following randomization of the transition probability II each time the
chain hits S (note that it happens a.s. since the chain is Harris recurrent and
P(S) >0). If X,, € S and

e if ¥, = 1 (which happens with probability § € ]0,1[), then X, 11 is dis-
tributed according to I,

e if Y, = 0, (which happens with probability 1 — 4), then X1 is drawn
from (1 —0)"Y(II(Xpy1,.) — 61(.)).

Set Bers() = 66+ (1—96)(1—0) for 8 € {0,1}. We now have constructed a
bivariate chain XM = ((X,,,Y,)),.cy » called the split chain, taking its values
in F x {0,1} with transition kernel ITy, defined by

o foranyx ¢ S, Be&, fand ' in {0,1},

I ((x,8), B x {@'}) = Bers(8') x I (x,B) ,

e foranyze S, Beé&, #in {0,1},

I ((2,1), B x {8'}) = Bers(8) x I'(B),
I ((2,0), A x {B'}) = Bers(8') x (1 —8)"(II (v, B) — 6I'(B)).

Basic assumptions

The whole point of the construction consists in the fact that Sx {1} is an atom
for the split chain X, which inherits all the communication and stochastic
stability properties from X (irreducibility, Harris recurrence,...), in partic-
ular (for the case m = 1 here) the blocks constructed for the split chain
are independent. Hence the splitting method enables to extend the regener-
ative method, and so to establish all of the results known for atomic chains,
to general Harris chains. It should be noticed that if the chain X satisfies
M(m,S,6,I") for m > 1, the resulting blocks are not independent anymore
but 1-dependent, a form of dependence which may be also easily handled. For



1 Regeneration-based statistics for Harris recurrent Markov chains 7

simplicity ’s sake, we suppose in what follows that condition M is fulfilled
with m = 1, we shall also omit the subscript M and abusively denote by
P, the extensions of the underlying probability we consider. The following
assumptions, involving the speed of return to the small set S shall be used
throughout the article. Let x > 0, f : E — R be a measurable function and v
be a probability measure on (E, £).

Regularity conditions:

H(k) : sup E,(78) < oo,
€S

Ho(k, v):E (1§) < oo.

Block-moment conditions:

H(k, f): supM(_Z |F(X0))F) < oo,

zeS
Hll("€7 fov): EV((Z |f(XZ)|)R) < 00.

Remark 2. It is noteworthy that assumptions H((x) and Hj(x, f) do not
depend on the choice of the small set S (if they are checked for some accessible
small set S, they are fulfilled for all accessible small sets ¢f § 11.1 in [60]).
Note also that in the case when Hy (k) (resp. Hi(k, v)) is satisfied, H)(k, f)
(resp., Hy(k, f, v)) is fulfilled for any bounded f. Moreover, recall that positive
recurrence, conditions H) (k) and H) (k, f) may be practically checked by using
test functions methods (cf [49], [83]). In particular, it is well known that such
block moment assumptions may be replaced by drift criteria of Lyapounov’s
type (refer to Chapter 11 in [60] for further details on such conditions and
many illustrating examples, see also [29)]).

We recall finally that such assumptions on the initial chain classically imply
the desired conditions for the split chain: as soon as X fulfills H{ (k) (resp.,
Hy(k, v), Hy(k, f), Hi(k, f, V), XM satisfies Ho(k) (resp., Ho(k, v), Hi(k,
f)7 Hl("ia f7 V))

The distribution of (Y1, ..., Yy) conditioned on (X1, ..., Xpy1)-

As will be shown in the next section, the statistical methodology for Har-
ris chains we propose is based on approximating the conditional distribu-
tion of the binary sequence (Y1,...,Y;) given X1 = (X;, ..., X,,,1). We
thus precise the latter. Let us assume further that the family of the condi-
tional distributions {II(z,dy)}.cr and the initial distribution v are domi-
nated by a o-finite measure A of reference, so that v(dy) = f(y)A(dy) and
(x,dy) = p(z,y)\(dy), for all z € E. Notice that the minorization condition
entails that I" is absolutely continuous with respect to A too, and that
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p(x,y) = 67(y), Ady) as. (1.2)

for any z € S, with I'(dy) = ~v(y)dy. The distribution of Y™ = (Vi,...,
Y,,) conditionally to X"+1) = (21, ..., Tpt1) is then the tensor product of
Bernoulli distributions given by: for all 3" = (84, ..., 8,) € {0,1}", z(**t1) =
(xla "-51'n+1) € En+17

P, (Y0 = g0 | X040 = o0 0) S TP, (Vi = 6 | X = i, Xigs = i),
i=1

with, for 1 <7 < n,
P,(Yi=1|X;=u;, Xiy1 =xi41) =0, if x; ¢ S,

6y(@it1) .
P,(Y, =1 Xi:xi, Xit1 = Tip1 =, lf.riES.
( | + + ) p($i7$i+1)

Roughly speaking, conditioned on X+ from i = 1 to n, Y; is drawn
from the Bernoulli distribution with parameter ¢, unless X has hit the small
set S at time 4: in this case Y; is drawn from the Bernoulli distribution with pa-
rameter 87(X;11)/p(X;, Xiy1). We denote by £ (p, S, 8,7, z("+1) this prob-
ability distribution.

1.3 Dividing the sample path into (approximate)
regeneration cycles

In the preceding section, we recalled the Nummelin approach for the theoret-
ical construction of regeneration times in the Harris framework. Here we now
consider the problem of approximating these random times from data sets
in practice and propose a basic preprocessing technique, on which estimation
methods we shall discuss further are based.

1.3.1 Regenerative case

Let us suppose we observed a trajectory Xi,..., X,, of length n drawn from
the chain X. In the regenerative case, when an atom A for the chain is a priori
known, regeneration blocks are naturally obtained by simply examining the
data, as follows.

Algorithm 1 (Regeneration blocks construction)

1. Count the number of wvisits 1, =Y . I{X; € A} to A up to time n.

2. Divide the observed trajectory X = (X,....,X,,) into I, + 1 blocks
corresponding to the pieces of the sample path between consecutive visits
to the atom A,
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Bo = (X1,.s, X)) Br = (Xey)415 5 Xra2)), 0
B, 1= (Xr,p=1)415 s Xra(tn))s Bl(f) = (Xr )41+ Xn),

with the convention Bl(:) = () when T4(l,) = n.
3. Drop the first block By, as well as the last one Bl(:), when non-regenerative
(i.e. when T4(ln) < m).

The regeneration blocks construction is illustrated by Fig. 1 in the case of
a random walk on the half line RT with {0} as an atom.

Figure 1 : Dividing the trajectory of a random walk on the half line into regeneration
data blocks corresponding to successive visits to A =0

1.3.2 General Harris case
The principle

Suppose now that observations Xi, ..., X,,+1 are drawn from a Harris chain
X satisfying the assumptions of § 2.3.3 (refer to the latter paragraph for
the notations). If we were able to generate binary data Y7,..., Y, so that
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XM ™) = ((X1,Y1), ..., (X,,Y,)) be a realization of the split chain XM de-
scribed in § 2.3, then we could apply the regeneration blocks construction
procedure to the sample path XM (") Unfortunately, knowledge of the tran-
sition density p(z,y) for (x,y) € S? is required to draw practically the Y;’s
this way. We propose a method relying on a preliminary estimation of the
"nuisance parameter” p(x,y). More precisely, it consists in approximating
the splitting construction by computing an estimator p, (z,y) of p(z,y) using
data X, ..., X, 11, and to generate a random vector ()A/l, ceny f/n) conditionally
to X+ = (X1, ..., X,,;1), from distribution £ (p,, S, 8,7y, X**1), which
approximates in some sense the conditional distribution £(™ (p, S, 8, v, X (1)
of (Y1, ..., Yy,) for given X (1) Our method, which we call approzimate regen-
eration blocks construction (ARB construction in abbreviated form) amounts
then to apply the regeneration blocks construction procedure to the data
(X1, Y1), ..., (X,,,Y,)) as if they were drawn from the atomic chain X*. In
spite of the necessary consistent transition density estimation step, we shall
show in the sequel that many statistical procedures, that would be consis-
tent in the ideal case when they would be based on the regeneration blocks,
remain asymptotically valid when implemented from the approximate data
blocks. For given parameters (9, S, ) (see § 3.2.2 for a data driven choice
of these parameters), the approximate regeneration blocks are constructed as
follows.
Algorithm 2 (Approzimate regeneration blocks construction)

1. From the data X"tV = (X1, ..., X,y1), compute an estimate p,(x,y)
of the transition density such that pn(z,y) > 6v(y), A(dy) a.s., and
pn(XiaXi-i-l) > O, 1 < ) < n. N R

2. Conditioned on XtV draw a binary vector (Y1,...,Y,) from the dis-
tribution estimate £ (p,,S,08,~v, X("*tD). It is sufficient in practice to
draw the Y;’s at time points i when the chain visits the set S (i.e. when
X; € 5), since at these times and at these times only the split chain may
regenerate. At such a time point i, draw 3//\; according to the Bernoulli
distribution with parameter 6v(X;y1)/pn(Xi, Xit1))-

3. Count the number of visits 1,, = S KX, € S,Y; = 1) to the set
Ap =S x {1} up to time n and divide the trajectory X"+ into L, +1
approzimate regeneration blocks corresponding to the successive visits of
(X,Y) to Apm,

BO = (Xh ey XbAM(l))7 Bl = (XbAM(l)"rl’ ey XIDAM(Q))7 ey

By | = a0n) _
Be.—1 = (XbAM(p"*l)“""’ XbAM(pn))’ B = (XbAM(va)+17"'7 Xnt1)s
where T4,,(1) =inf{n > 1, X,, € S, }A/n =1} and 74, (j + 1) = inf{n >
Fan(d), Xn € 8,Y,, =1} forj > 1.

4. Drop the first block By and the last one gl(:) when Ta,, (1) < n.
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1. , 5,

Figure 2: ARB construction for an AR(1) simulated time-series

Such a division of the sample path is illustrated by Fig. 2 : from a practical
viewpoint the trajectory may only be cut when hitting the small set. At such a
point, drawing a Bernoulli r.v. with the estimated parameter indicates whether
one should cut here the time series trajectory or not.

Practical choice of the minorization condition parameters

Because the construction above is highly dependent on the minorization con-
dition parameters chosen, we now discuss how to select the latter with a
data-driven technique so as to construct enough blocks for computing mean-
ingful statistics. As a matter of fact, the rates of convergence of the statistics
we shall study in the sequel increase as the mean number of regenerative (or
pseudo-regenerative) blocks, which depends on the size of the small set chosen
(or more exactly, on how often the chain visits the latter in a trajectory of
finite length) and how sharp is the lower bound in the minorization condition:
the larger the size of the small set is, the smaller the uniform lower bound for
the transition density. This leads us to the following trade-off. Roughly speak-
ing, for a given realization of the trajectory, as one increases the size of the
small set S used for the data blocks construction, one naturally increases the
number of points of the trajectory that are candidates for determining a block
(i.e. a cut in the trajectory), but one also decreases the probability of cut-
ting the trajectory (since the uniform lower bound for {p(x,y)}z,y)es2 then
decreases). This gives an insight into the fact that better numerical results
for statistical procedures based on the ARB construction may be obtained
in practice for some specific choices of the small set, likely for choices corre-
sponding to a maximum expected number of data blocks given the trajectory,
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that is

No(S) =E, () I{X; € S,¥; = 1} [X("F1),
i=1

Hence, when no prior information about the structure of the chain is avail-
able, here is a practical data-driven method for selecting the minorization
condition parameters in the case when the chain takes real values. Con-
sider a collection S of borelian sets S (typically compact intervals) and
denote by Us(dy) = ~s(y).A(dy) the uniform distribution on S, where
vs(y) = {y € S}/A(S) and A is the Lebesgue measure on R. Now, for
any S € S, set 6(S) = A(S).inf(, yyes2 p(x,y). We have for any z, y in S,
p(x,y) > 0(S)ys(y). In the case when §(S) > 0, the ideal criterion to opti-
mize may be then expressed as

5(S) o= T{(Xy, Xi11) € S}

S i=1 XL7X’L+1)

(1.3)

However, as the transition kernel p(z,y) and its minimum over S? are un-
known, a practical empirical criterion is obtained by replacing p(z,y) by
an estimate p,(z,y) and 6(S) by a lower bound 6,(S) for A(S).pn(z,y)
over S? in expression (1.3). Once p,(z,y) is computed, calculate §,(S) =
A(S).inf(; yyes2 pn(z,y) and maximize thus the empirical criterion over S € &

n 2
Nn(S) _ 5n(S) ZH{(X“XlJrl)ES } (14)
A(S) i—1 Pn(Xi, Xig1)

More specifically, one may easily check at hand on many examples of real
valued chains (see § 4.3 for instance), that any compact interval V, (¢) =
[xo — &,2¢ + €] for some well chosen zyp € R and ¢ > 0 small enough, is a
small set, choosing 7 as the density of the uniform distribution on V,,(¢). For
practical purpose, one may fix z¢ and perform the optimization over € > 0
only (see [10]) but both z¢ and ¢ may be considered as tuning parameters.
A possible numerically feasible selection rule could rely then on searching for
(x0,€) on a given pre-selected grid G = {(zo(k),e(1)), 1 <k < K, 1 <1< L}
such that inf(, y)ev, (e)2 Pn(z,y) > 0 for any (20,¢) € G.

Algorithm 3 (ARB construction with empirical choice of the small set)

1. Compute an estimator py,(x,y) of p(x,y).
2. For any (xo,€) € G, compute the estimated expected number of pseudo-
regenerations:

~  Op(®mo, ) = (X4, Xiq1) € Vi (€)%}
Ny (zo,€) = 9% > (X Xir1) ’

i=1

with (5n($0, 6) = 2e¢. inf(r,y)eVzo(E)z pn(x, y)
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~

3. Pick (x§,e*) in G mazimizing N,(xo,€) over G, corresponding to the set
S* =[x — €%, xf + €] and the minorization constant 0 = d,(xf, *).
4. Apply Algorithm 2 for ARB construction using S*, §;; and p,.

Remark 3. Numerous consistent estimators of the transition density of Harris
chains have been proposed in the literature. Refer to [76], [77], [78], [74], [15],
[31], [67], [4] or [25] for instance in positive recurrent cases, [50] in specific null
recurrent cases.

This method is illustrated by Fig. 3 in the case of an AR(1) model: X, 1 =
aX;+eii1, 1 €N, with ¢; bl (0,1), « =0.95 and X, = 0, for a trajectory
of length n = 200. Taking zy = 0 and letting ¢ grow, the expected number
regeneration blocks is maximum for £* close to 0.9. The true minimum value of
p(x,y) over the corresponding square is actually § = 0.118. The first graphic

in this panel shows the Nadaraya- Watson estimator

Y K (@ = X)K (W (y — Xiga))
pulent) = S KGO X))

computed from the gaussian kernel K (x) = (27) ! exp(—x?/2) with an opti-
mal bandwidth % of order n=1/3. The second one plots N, (¢) as a function of
€. The next one indicates the set S* corresponding to our empirical selection
rule, while the last one displays the ”optimal” ARB construction.

Note finally that other approaches may be considered for determining prac-
tically small sets and establishing accurate minorization conditions, which
conditions do not necessarily involve uniform distributions besides. Refer for
instance to [73] for Markov diffusion processes.

A two-split version of the ARB construction

When carrying out the theoretical study of statistical methods based on the
ARB construction, one must deal with difficult problems arising from the
dependence structure in the set of the resulting data blocks, due to the pre-
liminary estimation step. Such difficulties are somehow similar as the ones
that one traditionally faces in a semiparametric framework, even in the i.i.d.
setting. The first step of semiparametric methodologies usually consists in a
preliminary estimation of some infinite dimensional nuisance parameter (typ-
ically a density function or a nonparametric curve), on which the remaining
(parametric) steps of the procedure are based. For handling theoretical diffi-
culties related to this dependence problem, a well known method, called the
splitting trick, amounts to split the data set into two parts, the first subset
being used for estimating the nuisance parameter, while the parameter of
interest is then estimated from the other subset (using the preliminary esti-
mate). An analogous principle may be implemented in our framework using an
additional split of the data in the "middle of the trajectory”, for ensuring that
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Figure 3 : Illustration of Algorithm 3 : ARB construction with empirical choice of
the small set.

a regeneration at least occurs in between with an overwhelming probability
(so as to get two independent data subsets, see step 2 in the algorithm below).
For this reason, we consider the following variant of the ARB construction.
Let l<m<n,1<p<n—m.

Algorithm 4 (two-split ARB construction)

1. From the data X"tV = (X1, ..., X,,41), keep only the first m observations
X for computing an estimate py,(2,y) of p(x,y) such that py,(z,y) >
v (y), AMdy) a.s. and pm(X;, Xit1) >0, 1 <i<n—1.

2. Drop the observations between time m + 1 and time m* = m +p (under
standard assumptions, the split chain regenerates once at least between
these times with large probability).

3. From remaining observations XM ™) = (X 41, -, Xpn) and estimate
Dm, apply steps 2-4 of Algorithm 2 (respectively of Algorithm 3).

This procedure is similar to the 2-split method proposed in [79], except
that here the number of deleted observations is arbitrary and easier to in-
terpret in term of regeneration. Of course, the more often the split chain
regenerates, the smaller p may be chosen. And the main problem consists in
picking m = m,, so that m,, — oo as n — oo for the estimate of the transition
kernel to be accurate enough, while keeping enough observation n—m* for the
block construction step: one typically chooses m = o(n) as n — oco. Further

ﬁf - kaﬁf«q@
W_ L
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assumptions are required for investigating precisely how to select m. In [11],
a choice based on the rate of convergence a,, of the estimator p,,(x,y) (for
the MSE when error is measured by the sup-norm over S x S, see assump-
tion Hs in § 4.2) is proposed: when considering smooth markovian models for
instance, estimators with rate o, = m~!log(m) may be exhibited and one
shows that m = n?/? is then an optimal choice (up to a log(n)). However, one
may argue, as in the semiparametric case, that this methodology is motivated
by our limitations in the analysis of asymptotic properties of the estimators
only, whereas from a practical viewpoint it may deteriorate the finite sample
performance of the initial algorithm. To our own experience, it is actually
better to construct the estimate p(x,y) from the whole trajectory and the
interest of Algorithm 4 is mainly theoretical.

1.4 Mean and variance estimation

In this section, we suppose that the chain X is positive recurrent with un-
known stationary probability p and consider the problem of estimating an
additive functional of type u(f) = [ f(z)u(dz) = E,(f(X1)), where f is a
p-integrable real valued function defined on the state space (E,&). Estima-
tion of additive functionals of type E,(F(X1,..., X)), for fixed & > 1, may
be investigated in a similar fashion. We set f(z) = f(x) — u(f).

1.4.1 Regenerative case

Here we assume further that X admits an a priori known accessible atom
A. As in the ii.d. setting, a natural estimator of p(f) is the sample mean
statistic,

) ==t > F(X0) (15)

When the chain is stationary (i.e. when v = p), the estimator ! (f) has
zero-bias. However, its bias is significant in all other cases, mainly because of
the presence of the first and last (non-regenerative) data blocks By and Bl(:)
(see Proposition 4.1 below). Besides, by virtue of Theorem 2.1, u(f) may be
expressed as the mean of the f(X;)’s over a regeneration cycle (renormalized

by the mean length of a regeneration cycle)

u(f) =Ealra) "Ea(Y f(X0).

i=1

This suggests to introduce the following estimators of the mean u(f). Define
the sample mean based on the observations (eventually) collected after the
first regeneration time only by fin(f) = (n —74)"" >0 f(X;) with the
convention fi,(f) = 0, when 74 > n, as well as the sample mean based on the
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observations collected between the first and last regeneration times before n

by i, (f) = (ra(ln) — 7a) P XA F(X0) with I, = 31, I{X; € A} and

the convention f,, (f) = 0, when [,, < 1 (observe that, by Markov’s inequality,

P,(l, <1)=0(n"1') as n — oo, as soon as Ho(1, v) and Ho(2) are fulfilled).
Let us introduce some additional notation for the block sums (resp. the

block lengths), that shall be used here and throughout. For j > 1, n > 1, set

U(Bo) = 7a, UByj) = 7aj +1) = a(4), UB{™) =n —7alla)
for the length of the blocks and

Ta(j+1)

f(Bo) =3 f(X0). f(B)= 3 f(X) SB)= DT FX)

i=1+74(7) i=14+74(ln)

for the value of the functional on the blocks. With these notations, the esti-
mators above may be rewritten as

I EEACORD ¥ e (CAR (G

" UBo) + X 1(By) + 1(B)
S B+ B St F(By)
St By + 1By ) = S tiB))

Let p,(f) designs any of the three estimators p!, (f), fn(f) or &, (f). If X
tulfills conditions Ho(2), Ho(2,v), Hi(f,2,A), H1(f,2,v) then the following
CLT holds under P, (¢f Theorem 17.2.2 in [60])

020 () (i () — 1) = N (0,1), as n — oo,

with a normalizing constant

o*(f) = p(4) EA((Zf(Xi) = (f)7a)?), (1.6)

From this expression we propose the following estimator of the asymptotic
variance, adopting the usual convention regarding to empty summation,

on(f) =n"" Y (F(B)) — Ha()UB))). (L.7)

Notice that the first and last data blocks are not involved in its construction.
We could have proposed estimators involving different estimates of u(f), but
as will be seen later, it is preferable to consider an estimator based on regener-
ation blocks only. The following quantities shall be involved in the statistical
analysis below. Define
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a =Ea(ra), B=Ea(ra Y F(X)) = Covalra, 3 F(X:),
=1

i=1
0y = EV(Z?(Xi)% vy = a_llEA(Z(TA — i) f(Xy)).

We also introduce the following technical conditions.
(C1) (Cramer condition)

| Ea(esplit X)) < 1

(C2) (Cramer condition)
Tim | Ea(exp(it()_ (X)) [< L.
i=1

(C3) There exists N > 1 such that the N-fold convoluted density g*V is

bounded, denoting by g the density of the (Z:ig_ti)(])?(Xz) —a 13)?s.

(C4) There exists N > 1 such that the N-fold convoluted density G*N is
bounded, denoting by G the density of the (ZTA(JH)@?(XZ‘))Q ’s.

i=14+74
ol . . . TA(2 rd
These two conditions are automatically satisfied if Zlii JF)TA 1) f(X;) has
a bounded density.
The result below is a straightforward extension of Theorem 1 in [56](see
also Proposition 3.1 in [8]).

Proposition 1. Suppose that Ho(4), Ho(2, v), Hi(4, f), Hi(2, v, f) and
Cramer condition (C1) are satisfied by the chain. Then, as n — oo, we have

E, (1, (f)) = u(f) + (v +7 = Bla)n™" + O(n=3/2), (1.8)
E, (fin(f)) = u(f) + (v = B/a)n™" + O(n=*/?), (1.9)
E, (7, (f)) = u(f) — (B/a)yn™" + O(n=*/?). (1.10)

If the Cramer condition (C2) is also fulfilled, then
E,(07(f)) = o*(f) +O(n™"), asn — oo, (L.11)
and we have the following CLT under P,
n'2(on(f) = a*(f)) = N(0,€(f)), asn — oo, (1.12)
with €(f) = p(A)\Vara((C2, F(X)? — 227" 83572, F(X0)).

Proof. The proof of (1.8)-(1.11) is given in [8] and the linearization of o2 (f)
below follows from their Lemma 6.3



18 Patrice Bertail and Stéphan Clémengon

lp—1

on(f)=n"" Z 9(Bj) + 74, (1.13)

with g(B;) = f(B;)? —2a~13f(B;), for j > 1, and for some 11 > 0, P, (nr, >
m log(n)) = O(n™1), as n — oo. We thus have, as n — oo,

ln—1

02 (00 (F) = o (1) = (n/n) 2012 Y (9(By) — E9(B;)) + op, (1),

j=1

and (13) is established with the same argument as for Theorem 17.3.6 in [60],
as soon as Var(g(B;)) < oo, that is ensured by assumption H; (4, f).

Remark 4. We emphasize that in a non i.i.d. setting, it is generally diffi-
cult to construct an accurate (positive) estimator of the asymptotic vari-
ance. When no structural assumption, except stationarity and square in-
tegrability, is made on the underlying process X, a possible method, cur-
rently used in practice, is based on so-called blocking techniques. Indeed un-
der some appropriate mixing conditions (which ensure that the following
series converge), it can be shown that the variance of n~'/2u/ (f) may be
written Var(n=Y2ul (f)) = I'(0) + 237 (1 — t/n)I"(t) and converges to
o2(f) =22 I'(t) = 2mg(0), where g(w) = (2m) "' Y52 I'(t) cos(wt) and
(I'(t))¢>0 denote respectively the spectral density and the autocovariance se-
quence of the discrete-time stationary process X. Most of the estimators of
o%(f) that have been proposed in the literature (such as the Bartlett spectral
density estimator, the moving-block jackknife/subsampling variance estima-
tor, the overlapping or non-overlapping batch means estimator) may be seen
as variants of the basic moving-block bootstrap estimator (see [52], [55])

s

A2 ME )
OMn = o) E (Finrr — 1a(f))7 (1.14)
i=1

where fi; pyp = M1 Zf:(f(j)_t)l\:{l f(X;) is the mean of f on the i-th data
block (Xp(i—1)41,--+5 Xr(i—1)+nm). Here, the size M of the blocks and the
amount L of ‘lag’ or overlap between each block are deterministic (eventually
depending on n) and Q = [%] + 1, denoting by [-] the integer part, is the
number of blocks that may be constructed from the sample X7, ..., X,,. In the
case when L = M, there is no overlap between block 7 and block i + 1 (as the
original solution considered by [42], [24]), whereas the case L = 1 corresponds
to maximum overlap (see [64], [66] for a survey). Under suitable regularity
conditions (mixing and moments conditions), it can be shown that if M — oo
with M/n — 0 and L/M — a € [0,1] as n — oo, then we have

E(6s.0) —0(f) = O(1/M) + O(v/M/n), (1.15)
Var(63,,) = 20%04@’) + o(M/n), (1.16)
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as n — oo, where c¢ is a constant depending on a, taking its smallest value
(namely ¢ = 2/3) for a = 0. This result shows that the bias of such esti-
mators may be very large. Indeed, by optimizing in M we find the optimal
choice M ~ n'/3, for which we have E(63;,) —0*(f) = O(n~1/3). Various ex-
trapolation and jackknife techniques or kernel smoothing methods have been
suggested to get rid of this large bias (refer to [64], [40], [7] and [12]). The
latter somehow amount to make use of Rosenblatt smoothing kernels of or-
der higher than two (taking some negative values) for estimating the spectral
density at 0. However, the main drawback in using these estimators is that
they take negative values for some n, and lead consequently to face problems,
when dealing with studentized statistics. In our specific Markovian framework,
the estimate o2(f) in the atomic case (or latter 52 (f) in the general case) is
much more natural and allows to avoid these problems. This is particularly
important when the matter is to establish Edgeworth expansions at orders
higher than two in such a non i.i.d. setting. As a matter of fact, the bias of
the variance may completely cancel the accuracy provided by higher order
Edgeworth expansions (but also the one of its Bootstrap approximation) in
the studentized case, given its explicit role in such expansions (see [40]).

From Proposition 4.1, we immediately derive that

tn = 120 (D) () = () = N (0,1), as n — oo,

so that asymptotic confidence intervals for u(f) are immediately available in
the atomic case. This result also shows that using estimators i, (f) or &, (f)
instead of p, (f) allows to eliminate the only quantity depending on the initial
distribution v in the first order term of the bias, which may be interesting for
estimation purpose and is crucial when the matter is to deal with an esti-
mator of which variance or sampling distribution may be approximated by a
resampling procedure in a nonstationary setting (given the impossibility to
approximate the distribution of the ”first block sum” Y /4, f(X;) from one
single realization of X starting from v). For these estimators, it is actually
possible to implement specific Bootstrap methodologies, for constructing sec-
ond order correct confidence intervals for instance (see [9], [10] and section
5). Regarding to this, it should be noticed that Edgeworth expansions (E.E.
in abbreviated form) may be obtained using the regenerative method by par-
titioning the state space according to all possible values for the number [,
regeneration times before n and for the sizes of the first and last block as
in [57]. [8] proved the validity of an E.E. in the studentized case, of which
form is recalled below. Notice that actually (C3) corresponding to their v)
in Proposition 3.1 in [8] is not needed in the unstudentized case. Let &(z)
denote the distribution function of the standard normal distribution and set
¢(x) = dd(x)/dx.

Theorem 2. Let b(f) = limy, oo n(un(f) — u(f)) be the asymptotic bias of
wn(f). Under conditions Ho(4), Ho(2, v), H1(4, f), H1(2, v, f), (C1), we
have the following E.E.,
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sup[B, (0120 (f) " (un(f) = n(F)) < 2) = BP ()| = O(n™), as n — oo,
TxER

with
EP (x) = &(x) — n’“@(f — Dg(x) —n20(f)g(x), (1.17)
-1 3 E 2217 X; 3
k3(f) = a ' (M4 — a(?))’ Ms p = A((Z(f(f)f?,( D). (1.18)

A similar limit result holds for the studentized statistic under the further hy-
pothesis that (C2), (C3), Ho(s) and Hi(s, f) are fulfilled with s = 8 + ¢ for

some g > 0:

sup [P, (0" 20, () (1 (f) = p(f)) < @) = EP ()] = O(n~ " log(n)), (1.19)

asn — oo, with F,gQ)(x) = P(x) +n_1/2%k3(f)(2m2 +1)p(x) —n~120(f)o(x).
When pn(f) = 1, (f), under (C4) , O(n=tlog(n)) may be replaced by O(n=1).

This theorem may serve for building accurate confidence intervals for u(f)
(by E.E. inversion as in [1] or [41]). It also paves the way for studying precisely
specific bootstrap methods, as in [10]. It should be noted that the skewness
ks(f) is the sum of two terms: the third moment of the recentered block sums
and a correlation term between the block sums and the block lengths. The co-
efficients involved in the E.E. may be directly estimated from the regenerative
blocks. Once again by straightforward CLT arguments, we have the following
result.

Proposition 2. For s > 1, under Hi(f, 2s), Hi(f, 2, v), Ho(2s) and Ho(2,
v), Moga=EA(X2, F(X5))®) is well-defined and we have

l,—1
fism =11 Y (F(B)) — Hp(HIB))° = o™ My a + Op, (n™Y2), as n — .

i=1

1.4.2 Positive recurrent case

We now turn to the general positive recurrent case (refer to § 2.3 for assump-
tions and notation). It is noteworthy that, though they may be expressed
using the parameters of the minorization condition M, the constants involved
in the CLT are independent from these latter. In particular the mean and the
asymptotic variance may be written as
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ﬂ(f) = ]EAM (TAM)_l]EAM(Z f(Xl))v
i=1

’TAM

UQ(f) =Eay (TAM)_l]EAM(( Z ?(X%))2)7
i=1

where 74,, = inf{n > 1, (X,, Y,) € S x {1}} and E4,,(.) denotes the
expectation conditionally to (Xo, Yo) € Ay = S x {1}. However, one cannot
use the estimators of u(f) and o(f) defined in the atomic setting, applied to
the split chain, since the times when the latter regenerates are unobserved. We
thus consider the following estimators based on the approzimate regeneration
times (i.e. times ¢ when (X;,Y;) € S x {1}), as constructed in § 3.2,

b,—1 p,—1
in(f) =11 " f(B;) and 5o (f) =7, > {f(B;) — (B},
Jj=1 j=1
with, for j > 1,
R ba,, (j+1) R

FBy) = D> f(Xa), UBj) = Tan(G+1) = Tau),

i=1+ba , (j)
~ pn_l ~
ﬁAM =TAum (In) — ?AM<1) = Z l(B])
j=1

By convention, fi,(f) = 0 and 52(f) = 0 (resp. n,, = 0), when I, <1
(resp., when I, = 0). Since the ARB construction involves the use of an
estimate p,(x,y) of the transition kernel p(z,y), we consider conditions on
the rate of convergence of this estimator. For a sequence of nonnegative real
numbers (o, )nen converging to 0 as n — oo,

Ho : p(z, y) is estimated by p,(x, y) at the rate o, for the MSE when
error is measured by the L> loss over S x S:

E,( sup |pn(z,y) —p(z,9)*) = Oan), as n — oo
(z,y)ESXS

See Remark 3.1 for references concerning the construction and the study of
transition density estimators for positive recurrent chains, estimation rates
are usually established under various smoothness assumptions on the density
of the joint distribution u(dz)II(z,dy) and the one of u(dz). For instance,
under classical Holder constraints of order s, the typical rate for the risk in
this setup is a, ~ (Inn/n)*/ 1 (refer to [25]).

Hs : The "minorizing” density v is such that inf,cgy(x) > 0.

Hy : The transition density p(x,y) and its estimate p,(x,y) are bounded
by a constant R < co over S2.
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Some asymptotic properties of these statistics based on the approximate
regeneration data blocks are stated in the following theorem (their proof is
omitted since it immediately follows from the argument of Theorem 3.2 and
Lemma 5.3 in [10]),

Theorem 3. If assumptions Hy (2, v), H,(8), Hi(f, 2, v), Hi(f, 8), Ha, Hs
and Ha are satisfied by X, as well as conditions (C1) and (C2) by the split
chain, we have, as n — oo,

n'2(G2(f) — o(f)) = N(0,€2(f))

where o, B and E2(f) are the quantities related to the split chain defined in
Proposition 4.1 .

Remark 5. The condition a,, = o(n~'/?) as n — oo may be ensured by
smoothness conditions satisfied by the transition kernel p(z,y): under Holder
constraints of order s such rates are achieved as soon as s > 1, that is a rather
weak assumption.

We also define the pseudo-regeneration based standardized (resp., studen-
tized) sample mean by

gn = nl/zo—il(f)(ﬁn(f) - :u(f))a
= 428,00 @) — (D).

The following theorem straightforwardly results from Theorem 3.

Theorem 4. Under the assumptions of Theorem 3, we have as n — oo
S = N(0,1) and t,, = N(0,1).

This shows that from pseudo-regeneration blocks one may easily construct
a consistent estimator of the asymptotic variance o2(f) and asymptotic con-
fidence intervals for p(f) in the general positive recurrent case (see Section
5 for more accurate confidence intervals based on a regenerative bootstrap
method). In [8], an E.E. is proved for the studentized statistic %,. The main
problem consists in handling computational difficulties induced by the depen-
dence structure, that results from the preliminary estimation of the transition
density. For partly solving this problem, one may use Algorithm 4, involv-
ing the 2-split trick. Under smoothness assumptions for the transition kernel
(which are often fulfilled in practice), [11] established the validity of the E.E.
up to O(n=%/1og(n)), stated in the result below.
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For this we need to introduce the following Cramer condition which is
somehow easier to check than the Cramer condition C1 for the split-chain

(C1r) Assume that, for the chosen small set S,

lim sup |E,(exp(it Z{f (HH)l <1

[t|—o0 zes

Theorem 5. Suppose that (C17), Hy(k, v), Hi(k, f, v), Hi(k), Hi(k,
f) with k > 6, Ha, Hs and Hy are fulfilled. Let m, and p, be integer se-
quences tending to co as n — oo, such that n'/7 < p, < m, and m, = o(n)
as n — o0o. Then, the following limit result holds for the pseudo-regeneration
based standardized sample mean obtained via Algorithm 4

sup P, (S, < x) — EP(z)| = O(n_l/Qa},{f v~ 2my,), as n — oo,
T€R

and if in addition (C4) holds for the split chain and the preceding assumptions
with k > 8 and are satisfied, we also have

sup [P, (t, < z) — F?(z)| = O(n_l/Qa}T{f vn~32m,), asn — oo,
z€R

where B () and F,(L2)(m) are the expansions defined in Theorem 4.2 related
to the split chain. In particular, if o, = m,log(m,), by picking m, = n?/3,
these E.E. hold up to O(n=5/%log(n)).

The conditions are satisfied for a wide range of Markov chains, including
nonstationary cases and chains with polynomial decay of a—mixing coefficients
(¢f remark 2.1) that do not fall into the validity framework of the Moving
Block Bootstrap methodology. In particular it is worth noticing that these
conditions are weaker than [39]’s conditions (in a strong mixing setting).

As stated in the following proposition, the coefficients involved in the E.E.’s
above may be estimated from the approximate regeneration blocks.

Proposition 3. Under Hj(2s, v), H1(2s, v, f), Hy(25 vV 8), H}(2s
with s > 2, Hy, Hz and Ha, the expectation My 4., = Ea,, (32124 F(X:))%)
is well-defined and we have, as n — oo,

In—1
fism =n"" Z Fin(N1(B))* = B (ra) ™ My ar + O, (o32).

1.4.3 Some illustrative examples

Here we give some examples with the aim to illustrate the wide range of
applications of the results previously stated.
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Ezxzample 1 : countable Markov chains.

Let X be a general irreducible chain with a countable state space E. For such a
chain, any recurrent state ¢ € F is naturally an accessible atom and conditions
involved in the limit results presented in § 4.1 may be easily checked at hand.
Consider for instance Cramer condition (C1), denote by II the transition
matrix and set A = {a}. We have, for any k € N*:

PT
‘EA(eit jilﬂxj))’ _

] P
ZEA(ezt 3-:1 f(Xj)|7-A = Z)PA(TA = l)
=1

Py
< ‘EA(elt ;?:1 f(Xj)|7'A = k‘)]PA(TA = k) +1-— PA(TA = k)‘ .

and

Py Py
’EA(&” j=1 F Xy = k)‘ = Z et lef(ﬁj)H(a,xl)...H(xk_l,a)
T1#a,..., Tr_17#a

< > H(a,x1).. I (zp_1,a) = Pa(1a = k).

T1#a,.., Tp_ 170

We thus have |E4(e®*54())| < Py(t4 = k)2 +1 — Pa(74 = k). Hence, as
soon as there exists kg > 1 such that the probability that the chain returns to
state a in kg steps is strictly positive and strictly less than 1, (C1) is fulfilled.
Notice that the only case for which such condition does not hold corresponds
to the case when the return time to the atom is deterministic (observe that
this includes the discrete i.i.d. case, that corresponds to the case when the
whole state space is a Harris atom).

Example 2 : modulated random walk on R .
Consider the model
Xo=0and X,,11 = (X,, + Wy)4 for n € N, (1.20)

where x4 = max(z, 0), (X,,) and (W,,) are sequences of r.v.’s such that, for all
n € N, the distribution of W,, conditionally to Xy, ..., X, is given by U(X,, .)
where U(z,w) is a transition kernel from R; to R. Then, X,, is a Markov
chain on R with transition probability kernel I7(z, dy) given by

H(.T, {0}) = U(I, ] — 00, _ID7
H(J?, ]y7 OO[) :U(JT7 ]y_xa OOD7
for all x > 0. Observe that the chain IT is Jp-irreducible when U(x,.) has

infinite left tail for all > 0 and that {0} is then an accessible atom for X.
The chain is shown to be positive recurrent iff there exists b > 0 and a test
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function V' : Ry — [0, oo] such that V(0) < oo and the drift condition below
holds for all x > 0

/H(x,dy)V(y) ~ V(@) < =1 + bl{z = 0},

(see in [60]). The times at which X reaches the value 0 are thus regeneration
times, and allow to define regeneration blocks dividing the sample path, as
shown in Fig. 1. Such a modulated random walk (for which, at each step n,
the increasing W,, depends on the actual state X,, = x), provides a model
for various systems, such as the popular content-dependent storage process
studied in [44] (see also [19]) or the work-modulated single server queue in the
context of queuing systems (¢f [20]). For such atomic chains with continuous
state space (refer to [60], [33], [34] and [2] for other examples of such chains),
one may easily check conditions used in § 3.1 in many cases. One may show
for instance that (C1) is fulfilled as soon as there exists k > 1 such that
0 < Pa(ra = k) < 1 and the distribution of Zle f(X;) conditioned on
Xo € A and 74 = k is absolutely continuous. For the regenerative model
described above, this sufficient condition is fulfilled with k£ = 2, f(z) = =z
and A = {0}, when it is assumed for instance that U(z,dy) is absolutely
continuous for all z > 0 and ) #suppU (0, dy) NR% # RY.

Ezample 3: nonlinear time series.
Consider the heteroskedastic autoregressive model
Xn+1 = m(Xn) —+ O'(Xn)é‘n_t,_l, n e N,

where m : R — R and ¢ : R — R} are measurable functions, (e, )nen is a
i.i.d. sequence of r.v.’s drawn from g(x)dx such that, for all n € N, €,,41 is
independent from the Xj’s, k < n with E(e,41) = 0 and E(e2, ;) = 1. The
transition kernel density of the chain is given by p(x,y) = g((y —m(z))/o(z)),
(z, y) € R%. Assume further that g, m and o are continuous functions and
there exists g € R such that p(xg,z9) > 0. Then, the transition density is
uniformly bounded from below over some neighborhood V,, (¢)? = [zg—¢, zo+
g]? of (zg, ) in R? : there exists § = 6(g) €]0, 1] such that,

inf p(z,y) > 5(26)7 . (1.21)

(z,y)EVZ)

We thus showed that the chain X satisfies the minorization condition
M1,V (e), 9, Z’[Vmo(s))' Furthermore, block-moment conditions for such time
series model may be checked via the practical conditions developed in [29]
(see their example 3).

1.5 Regenerative block-bootstrap

[5] and [27] proposed a specific bootstrap methodology for atomic Harris pos-
itive recurrent Markov chains, which exploits the renewal properties of the



26 Patrice Bertail and Stéphan Clémengon

latter. The main idea underlying this method consists in resampling a deter-
ministic number of data blocks corresponding to regeneration cycles. However,
because of some inadequate standardization, the regeneration-based bootstrap
method proposed in [27] is not second order correct when applied to the sam-
ple mean problem (its rate is Op(n~'/2) in the stationary case). Prolongating
this work, [9] have shown how to modify suitably this resampling procedure
to make it second order correct up to Op(n~'log(n)) in the unstudentized
case (i.e. when the variance is known) when the chain is stationary. However
this Bootstrap method remains of limited interest from a practical viewpoint,
given the necessary modifications (standardization and recentering) and the
restrictive stationary framework required to obtain the second order accu-
racy: it fails to be second order correct in the nonstationary case, as a careful
examination of the second order properties of the sample mean statistic of
a positive recurrent chain based on its E.E. shows (¢f [57], [8]). A powerful
alternative, namely the Regenerative Block-Bootstrap (RBB), have been thus
proposed and studied in [10], that consists in imitating further the renewal
structure of the chain by resampling regeneration data blocks, until the length
of the reconstructed Bootstrap series is larger than the length n of the origi-
nal data series, so as to approximate the distribution of the (random) number
of regeneration blocks in a series of length n and remove some bias terms
(see section 4). Here we survey the asymptotic validity of the RBB for the
studentized mean by an adequate estimator of the asymptotic variance. This
is the useful version for confidence intervals but also for practical use of the
Bootstrap (c¢f [43]) and for a broad class of Markov chains (including chains
with strong mixing coefficients decreasing at a polynomial rate), the accuracy
reached by the RBB is proved to be of order Op(n~1!) both for the standard-
ized and the studentized sample mean. The rate obtained is thus comparable
to the optimal rate of the Bootstrap distribution in the i.i.d. case, contrary
to the Moving Block Bootstrap (cf [40], [53]). The proof relies on the E.E.
for the studentized sample mean stated in § 4.1 (see Theorems 4.2, 4.6). In
[10] a straightforward extension of the RBB procedure to general Harris chains
based on the ARB construction (see § 3.1) is also proposed (it is called Approz-
imate Regenerative Block-Bootstrap, ARBB in abbreviated form). Although it
is based on the approximate regenerative blocks, it is shown to be still second
order correct when the estimate p,, used in the ARB algorithm is consistent.
We also emphasize that the principles underlying the (A)RBB may be applied
to any (eventually continuous time) regenerative process (and not necessarily
markovian) or with a regenerative extension that may be approximated (see
84]).

1.5.1 The (approximate) regenerative block-bootstrap algorithm.

Once true or approximate regeneration blocks gl,..., gp _, are obtained
(by implementing Algorithm 1, 2, 8 or 4), the (approximate) regenerative
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block-bootstrap algorithm for computing an estimate of the sample distri-
bution of some statistic T,, = T(Bl,.. Bp _,) with standardization S, =

S(Bl7 ey glpn—1) is performed in 3 steps as follows.
Algorithm 5 (Approzimate) Regenerative Block-Bootstrap

1. Draw sequentially bootstrap data blocks Bj, ..., B} (with length denoted
by I(B5), j = 1,..., k) independently from the empirical distribution £,, =
(lAn — 1)t Z?L:_ll 597 of the initial blocks El, s B\Pn—l’ until the length

of the bootstrap data series I*(k) = Z?Zl I(B7) is larger than n. Let
=inf{k > 1, I*(k) > n}.
2. From the bootstrap data blocks generated at step 1, reconstruct a pseudo-
trajectory by binding the blocks together, getting the reconstructed
(A)RBB sample path

X = (B, ... B ).
Then compute the (4)RBB statistic and its (A)RBB standardization
TF =T(X*™) and S} = S(X*™),
3. The (A)RBB distribution is then given by
Hayrpp(x) =P (S Ty — T,) < x),
where P* denotes the conditional probability given the original data.

Remark 6. A Monte-Carlo approximation to H(4yrpp(2) may be straightfor-
wardly computed by repeating independently N times this algorithm.

1.5.2 Atomic case: second order accuracy of the RBB
In the case of the sample mean, the bootstrap counterparts of the estimators
7i,,(f) and 02 (f) considered in § 4.1 (using the notation therein) are

Ir—1

l*—l
uZ(f—nAlsz* and o} —nAlz{fB* Wi (HOUBHY

(1.22)

with n% = Zé*;_ll I(B}). Let us consider the RBB distribution estimates of
the unstandardized and studentized sample means

HYpp(x) = P (0} 200 (f) " Hui(f) — B ()} < @),
Hypp(e) =P 2ot Y (O s (f) — I ()} < ).

The following theorem established in [9] shows that the RBB is asymptotically
valid for the sample mean. Moreover it ensures that the RBB attains the
optimal rate of the i.i.d. Bootstrap. The proof of this result crucially relies
on the E.E. given in [57] in the standardized case and its extension to the
studentized case proved in [8].
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Theorem 6. Suppose that (C1) is satisfied. Under H,(2, v), Hi(2, f, v),
Hy(k) and Hi(k, f) with k > 6, the RBB distribution estimate for the un-
standardized sample mean is second order accurate in the sense that

Ay =sup|Hppp(r) = H ()] = Op,(n™1), as n — oo,
z€R

with HY (z) = B,(n}{ 07 ", (f) — u(f)} < @). And if in addition (C4),
Hy(k) and Hi(k, f) are checked with x > 8, the RBB distribution estimate
for the standardized sample mean is also 2nd order correct

Ag = sup |H}§BB(x) — Hf(ac)| = Opy(n_l), as n — 00,
z€R

with HS (z) = Py(nz/207:1(f){ﬁn(f) —u(f)} <a).

1.5.3 Asymptotic validity of the ARBB for general chains

The ARBB counterparts of the statistics fi, (f) and 52 (f) considered in § 4.2
(using the notation therein) may be expressed as

Ir—1 In—1

() = ST FBy) and o) =0 ST {8 — (DB}
j=1 j=1

denoting by nZM = Eé"!ll [(B}) the length of the ARBB data series. De-
fine the ARBB versions of the pseudo-regeneration based unstudentized and
studentized sample means (¢f § 4.2) by

o= pl/2 p, () — i (f) nd T = *1/2N7:L(f) _ﬁn(f).

nT TG I T e T ()

The unstandardized and studentized version of the ARBB distribution esti-
mates are then given by

HXRBB(m) =P, < X(n+1)) and HszBB(Jf) = P*(?:z <z X(n+1))~

This is the same construction as in the atomic case, except that one uses the
approximate regeneration blocks instead of the exact regenerative ones (cf
Theorem 3.3 in [10]).

Theorem 7. Under the hypotheses of Theorem 4.2, we have the following
convergence results in distribution under P,

Ag = sug \HXRBB(@ - Hg($)| — 0, asn — oo,
S

Ay =sup|HS ppp(x) — HY (x)] — 0, as n — .
z€R
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Second order properties of the ARBB using the 2-split trick

To bypass the technical difficulties related to the dependence problem induced
by the preliminary step estimation, assume now that the pseudo regenerative
blocks are constructed according to Algorithm 4 (possibly including the se-
lection rule for the small set of Algorithm 3 when using only the m, first
observations). It is then easier (at the price of a small loss in the 2nd or-
der term) to get second order results both in the case of standardized and
studentized statistics, as stated below (refer to [10] for the technical proof).

Theorem 8. Under assumptions (C1/), Hi(k, v), Hi(x, f, v), Hy(f, &),
Hi(f, k) with k > 6, Ha, Hs and Hy, we have the second order validity
of the ARBB distribution both in the standardized and unstandardized case up
to order

AY = Op, (n*1/2a}r{3 Va2 m, ), as n — oo,

And if in addition, (C4) holds for the split chains and the preceding assump-
tions hold with k > 8, we have

AY = Op, (n_1/2a},{3 vV Y20 my), as n— oo

In particular if a,, = mlog(m), by choosing m,, = n?/3, the ARBB is second
order correct up to O(n=°/%log(n)).

It is worth noticing that the rate that can be attained by the 2-split trick
variant of the ARBB for such chains is faster than the optimal rate the MBB
may achieve, which is typically of order O(n~=3/4) under very strong assump-
tions (see [40], [53]). Other variants of the bootstrap (sieve bootstrap) for
time-series (see [21]) may also yield (at least pratically) very accurate approx-
imation (see [22]). When some specific non-linear structure is assumed for
the chain (see our example 3), nonparametric method estimation and residual
based resampling methods may also be used : see for instance [35]. However
to our knowledge, there is no explicit rate of convergence available for these
kinds of bootstrap techniques. An empirical comparison of all these recent
methods is under the scope of this paper but would be certainly of great help.

1.6 Some extensions to U-statistics

We now turn to extend some of the asymptotic results stated in sections 4
and 5 for sample mean statistics to a wider class of functionals and shall con-
sider statistics of the form ;. U(X;, X;). For the sake of simplicity, we
confined the study to U-statistics of degree 2, in the real case only. As will be
shown below, asymptotic validity of inference procedures based on such statis-
tics does not straightforwardly follow from results established in the previous
sections, even for atomic chains. Furthermore, whereas asymptotic validity of
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the (approximate) regenerative block-bootstrap for these functionals may be
easily obtained, establishing its second order validity and give precise rate
is much more difficult from a technical viewpoint and is left to a further
study. Besides, arguments presented in the sequel may be easily adapted to
V-statistics 1 ¢; <, U(Xi, X))

1.6.1 Regenerative case

Given a trajectory X () = (X1,..., X,,) of a Harris positive atomic Markov
chain with stationary probability law u (refer to § 2.2 for assumptions and
notation), we shall consider in the following U-statistics of the form

1
T, =— U(X;, X;), (1.23)
n(n —1) 1<;§n J

where U : E? — R is a kernel of degree 2. Even if it entails introducing
the symmetrized version of T;,, it is assumed throughout the section that the
kernel U(z,y) is symmetric. Although such statistics have been mainly used
and studied in the case of i.i.d. observations, in dependent settings such as
ours, these statistics are also of interest, as shown by the following examples.
e In the case when the chain takes real values and is positive recurrent with
stationary distribution g, the variance of the stationary distribution s?> =
E,((X — E,(X))?), if well defined (note that it differs in general from the
asymptotic variance of the mean statistic studied in § 4.1), may be consistently
estimated under adequate block moment conditions by
~2 1 < 2 1 2
5 = Z(Xi—ﬂn) = o1 Z (Xi — X;)7/2,

n—1o (n =1 i Fen

where j,, = n~! >, X;, which is a U-statistic of degree 2 with symmetric
kernel U(z,y) = (x —y)?/2.

e In the case when the chain takes its values in the multidimensional space
RP, endowed with some norm ||. ||, many statistics of interest may be written
as a U-statistic of the form

> H(IXi— X)),

n(n —1) 1<i#j<n

where H : R — R is some measurable function. And in the particular case
when p = 2, for some fixed ¢ in R? and some smooth function h, statistics of

type
1
U,=——— ht, X;, X;
e Y X x)
1<i#j<n
arise in the study of the correlation dimension for dynamic systems (see [18]).
Depth statistical functions for spatial data are also particular examples of such

statistics (cf [81]).
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In what follows, the parameter of interest is

pwy= [ Uy (124

which quantity we assume to be finite. As in the case of i.i.d. observations, a
natural estimator of y(U) in our markovian setting is T,,. We shall now study
its consistency properties and exhibit an adequate sequence of renormalizing
constants for the latter, by using the regeneration blocks construction once
again. For later use, define wy : T? — R by

OO ijzl: Ui, y;),

for any %) = (z1,...,21), y = (y1,...,y) in the torus T = U E™ and
observe that wy is symmetric, as U.

” Regeneration-based Hoeffding’s decomposition”

By the representation of u as a Pitman’s occupation measure (¢f Theorem
2.1), we have

T4(2)
p(U) = a ?Ea( Z > UKL X))

i1 =74 (1)+1
= a_QE(wU(Bl, Bk)),

for any integers k, [ such that k& # [. In the case of U-statistics based on
dependent data, the classical (orthogonal) Hoeffding decomposition (cf [80])
does not hold anymore. Nevertheless, we may apply the underlying projection
principle for establishing the asymptotic normality of T}, by approximatively
rewriting it as a U-statistic of degree 2 computed on the regenerative blocks
only, in a fashion very similar to the Bernstein blocks technique for strongly
mixing random fields (¢f [30], [7]), as follows. As a matter of fact, the estimator
T,, may be decomposed as

(Iln, — 1)1, —2)

T, = U, 1+TO +17M 4 A, 1.25
n(nfl) ln 1+ n + n + ) ( )

where,

2
Up=——— S wu(BiBy),

L(L —1) 1<k<I<L

2 2
TO = = _ By, By), T = — = By, B™
n n(n_ 1) 1<k<zl:n_1WU( k> 0)) n n(n— 1) Oékgln_le( ks Pr, )’

1 ln—1 | n
Av= oy 13" wu (B, Bi) +wu(BM,BM) = " UXi, X))

k=0 =1
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Observe that the ”block diagonal part” of T;,, namely A,, may be straight-
forwardly shown to converge PP,- a.s. to 0 as n — oo, as well as T,(LO) and T,(Ll)
by using the same arguments as the ones used in § 4.1 for dealing with sam-
ple means, under obvious block moment conditions (see conditions (ii)-(4ii)
below). And, since l,,/n — a~! P,- a.s. as n — oo, asymptotic properties of
T, may be derived from the ones of U, _1, which statistic depends on the
regeneration blocks only. The key point relies in the fact that the theory of
U-statistics based on i.i.d. data may be straightforwardly adapted to func-
tionals of the i.i.d. regeneration blocks of the form ), _, wy (B, B;). Hence,
the asymptotic behaviour of the U-statistic Uy, as L — oo essentially depends
on the properties of the linear and quadratic terms appearing in the following
variant of Hoeffding’s decomposition. For k, [ > 1, define

TA k)-‘rl) TA(l-‘rl)

SuBrB)= > > {UX“X n(U)}-

i=7a(k)+1j=7a(l)+

(notice that E(wy (Bg, B;)) = 0 when k # 1) and for L > 1 write the expansion

2
UL — Zw(l) + T S WP BB, (1.26)

L(L-1) 1<k<I<L

where, for any by = (21, ...,x;) € T,

ngl)(bl) E(0y (B1,B2)|By = b1) = ZZUJU zi, X

=1 j5=1

is the linear term (see also our definition of the influence function of the
parameter E(w(Biy, B2)) in section 7) and for all by, be in T,

Wi (b1,b2) = By (br, b2) — B (b1) — &Y (ba)

is the quadratic degenerate term (gradient of order 2). Notice that by using
the Pitman’s occupation measure representation of u, we have as well, for any
b = (331, ...,.73[) e,

l
(Eara) " wi (b1) = > B, @u (s, X1)).

i=1

For resampling purposes, we also introduce the U-statistic based on the
data between the first regeneration time and the last one only:

~ 2
Tn = == < U Xi,X‘ 5
nn-—1) Z ( 3)
1+7a<i<j<Ta(ln)

with 7 = 74(l,,) — 74 and T,, = 0 when [, < 1 by convention.
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Asymptotic normality and asymptotic validity of the RBB

Now suppose that the following conditions, which are involved in the next
result, are fulfilled by the chain.
(i) (Non degeneracy of the U -statistic)

0 <o =Ew(B1)?) < 0.
(ii) (Block-moment conditions: linear part) For some s > 2,
1) E 1) 2
E(W\U|(Bl) ) < oo and Ev(ww\(BO) ) < oo.

(#ii) (Block-moment conditions: quadratic part) For some s > 2,

E|wju|(Br, B2)|* < 0o and E|wy (B, B1)]* < oo,
EV|(.«J|U‘(B(),81)|2 < oo and EV|W|U\(607BO)|2 < 00.

By construction, under (ii)-(iii) we have the crucial orthogonality prop-
erty:
Cov(wlP (By), WP (By,By)) = 0. (1.27)

Now a slight modification of the argument given in [47] allows to prove
straightforwardly that /L(Up, — u(U)) is asymptotically normal with zero
mean and variance 40F. Furthermore, by adapting the classical CLT ar-
gument for sample means of Markov chains (refer to [60] for instance)
and using (1.27) and l,/n — a ! P,-a.s. as n — oo, one deduces that
Vi(T, — p(U)) = N(0, £?) as n — oo under P,, with X? = 4a307,.

Besides, estimating the normalizing constant is important (for constructing
confidence intervals or bootstrap counterparts for instance). So we define the
natural estimator 012]} 1,1 of of; based on the (asymptotically i.i.d.) I, —1
regeneration data blocks by

U(2J7L:(L_1)(L_2)_QZ[<L Z wy (Bi, By) — UL)?,

L L
k=

1 1=1,k#l

for L > 1. The estimate O'U ;, is a simple transposition of the jackknife esti-
mator considered in [23] to our setting and may be easily shown to be strongly
consistent (by adapting the SLLN for U-statistics to this specific functional of
the i.i.d regeneration blocks). Furthermore, we derive that Y2 — X2 P,-a.s.,
as n — 0o, where

Zn = Al /n)° 07 1, -

We also consider the regenerative block-bootstrap counterparts 7% and X2
of T,, and X2 respectively, constructed via Algorithm 5:
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L= 2 Y U XD,

n*(n* —1) 4=
1<i<j<n*
222 = 4(17’;/n*)3a;}2’ Ix—1s

where n* denotes the length of the RBB data series X*(™ = (X1,..., X,-)
constructed from the [ — 1 bootstrap data blocks, and

-1 Ix—1
o 1= =20 =372 Y[ =27 Y wulBEB) — Ui %,
k=1 1=1,k#l
(1.28)
2
0 S — wu (B, BY).
B0 D -2 lgkdzgl*_l o

We may then state the following result.

Theorem 9. If conditions (i)-(iii) are fulfilled with s = 4, then we have the
CLT under P,

V(T — p(U))/ X0 = N(0,1), as n — oo.

This limit result also holds for fn, as well as the asymptotic validity of the
RBB distribution: as n — oo,
* * - * o P,

sup [P*(Vn*(T; = Tn))/ 25, < @) = Pu(Vn(Tn — p(U))/ X < )| = 0.

z€R

Whereas proving the asymptotic validity of the RBB for U-statistics un-
der these assumptions is straightforward (its second order accuracy up to
o(n’l/ 2) seems also quite easy to prove by simply adapting the argument used

by [46] under appropriate Cramer condition on w((Jl )(81) and block-moment
assumptions), establishing an exact rate, O(n~!) for instance as in the case
of sample mean statistics, is much more difficult. Even if one try to reproduce
the argument in [8] consisting in partitioning the underlying probability space
according to every possible realization of the regeneration times sequence be-
tween 0 and n, the problem boils down to control the asymptotic behaviour

of the distribution P(37, ;e w[(f)(Bi,Bj)/U?L m <Y 2 U(By) = 1) as
m — oo, which is a highly difficult technical task (due to the need of a simul-
taneous control of the lattice component and of the degenerate part of the

U-statistics).

Remark 7. We point out that the approach developed here to deal with the
statistic Ur, naturally applies to more general functionals of the regeneration
blocks Y, _, w(By, B;), with w : T> — R being some measurable function.
For instance, the estimator of the asymptotic variance 72 (f) proposed in §
4.1 could be derived from such a functional, that may be seen as a U-statistic
based on observation blocks with kernel w(By, B;) = (f(Br) — f(B1))?/2.
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1.6.2 General case

Suppose now that the observed trajectory X "+t1) = (X1, ..., X,41) is drawn
from a general Harris positive chain with stationary probability u (see § 2.2 for
assumptions and notation). Using the split chain, we have the representation
of the parameter p(U) :

:u(U) =Ea,, (TAM )_QEAM (WU(BD 82))

Using the pseudo-blocks l§l, 1< lAn —1, as constructed in § 3.2, we consider
the sequence of renormalizing constants for T, :

r =4l /)57 s (1.29)
with
b,—1 b,—1
57 1= =2 =3) Y (=27 > wulBB) - Uy,
k=1 1=1,k#l
Op 1= S wu(BuB).

(ln = D)(ln —2) 1<k<i<P, —1

We also introduce the U-statistic computed from the first approximate regen-
eration time and the last one:

~ 2
Th==x—0 > U(Xi, X;),

nn-—1
( ) 1+ba (1) <i<j<ba(In)

~

with m = T4 (1) — Ta(1). Let us define the bootstrap counterparts 7, and X
of T, and f’fb constructed from the pseudo-blocks via Algorithm 5. Although
approximate blocks are used here instead of the (unknown) regenerative ones
By, 1 <1 <1,—1, asymptotic normality still holds under appropriate assump-
tions, as shown by the theorem below, which we state in the only case when
the kernel U is bounded (with the aim to make the proof simpler).

Theorem 10. Suppose that the kernel U(z, y) is bounded and that Ha, Hs,
Hy are fulfilled, as well as (i)-(iii) for s = 4. Then we have as n — oo,

52 5 X2 — 4B, (Tay) PEay (W (B1)?), inP,-pr.
Moreover as n — oo, under P, we have the convergence in distribution
n'2E (T, — w(U)) = N(0,1),

as well as the asymptotic validity of the ARBB counterpart

sup [P*(vVn* (T3 — T0))/ 25 < 2) — P (Va(T — p(U))/ S, < 2)] % 0.

z€R n—oo



36 Patrice Bertail and Stéphan Clémengon

Proof. By applying the results of § 6.1 to the split chain, we get that the
variance of the limiting (normal) distribution of /n(T), — u(U)) is X? =
4EA, (Ta,y) 2Ea,, (w[(}) (B1)?). The key point of the proof consists in consid-
ering an appropriate coupling between (X;, Y;)1<i<n and (X;, E)Kign (or
equivalently between the sequence of the "true” regeneration times between
0 and n and the sequence of approximate ones), so as to control the deviation
between functionals constructed from the regeneration blocks and their coun-
terparts based on the approximate ones. The coupling considered here is the
same as the one used in the proof of Theorem 3.1 in [10] (refer to the latter
article for a detailed construction). We shall now evaluate how 8{2]’ b1 differs

from 02U7 1,1+ its counterpart based on the "true” regeneration blocks. Ob-
serve first that

7, ="M Vp 50 50 4 A,
nin—1) " "

where
o2 wu By, Bo), T = — 2 wu (B, BV,
" o) 1<k<zpn_1 v (B, Bo) nln—1) nggzln—l v(Bk, By ")
R 1 P,—1 o R n

An = m{z wu (B, B) +WU(Bé:L)vBé:)) - UX:, X))

k=0 i=1

Now following line by line the proof of lemma 5.2 in [10], we obtain that, as
n— oo, ifn—1=0p, (1), Ay—Ap, T\ =T and T —T™ are Op, (n1).
It follows thus that T}, = T}, + op, (n~/2) as n — oo, and /n(T, — u(U)) is
asymptotically normal with variance X2. The same limit results is straightfor-
wardly available then for the Bootstrap version by standard regenerative argu-
ments. Furthermore, by Lemma 5.3 in [10] we have | I, /n—1,,/n |= Op, (a,l/Q)
as m — 0o, and thus lAn/n — Ea,(Ta,y) "t in Py-pr. as n — oo. It then fol-
lows by simple (especially when U is bounded) but tedious calculations that

22 52 =D, +op,(1) as n — oo, with

b.—1

Dy, = 4(l,/n)? (L, Z{ !

I, —2 .

Now set Gu(B) = (1 — 2)7' S0 L L wu(Bi, By) for i € {1,...,T, — 1} and
gn(Bi) = (I, —2)~1 Zé":_llj ,wu(B;, B;) for i € {1,..,1, — 1}. By standard
arguments on U-statistics éee for instance [46] and the references therein)
and using once again lemma 5.1 and 5.2 in [9], we have uniformly in ¢ €
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{1, 1, — 1} (vesp. in i € {1,...,0n —1}), Gu(B) = WP (By) + 0p, (1) (resp.

gn(Bi) = w,(Jl)(Bi) +op, (1)) as n — oo. Such uniform bounds are facilitated

by the boundedness assumption on U, but one may expect that with refined

computations the same results could be established for unbounded kernels.
It follows that as n — oo,

b,—1 In—1
A = 4 /)Y {wl) (B — 1,0 S {wi (B} + op, (1)
1=1 =1

The first term in the right hand side is also op, (1) by lemma 5.2 in [10].
The proof of the asymptotic validity of the Bootstrap version is established
by following the preceding lines: it may be easily checked by first reducing
the problem to a sum and following the proof of Theorem 3.3 in [10]. As in
the i.i.d case, this asymptotic result essentially boils down then to check that
the empirical moments converge to the theoretical ones. This can be done by
adapting standard SLLN arguments for U-statistics.

1.7 Robust functional parameter estimation

Extending the notion of influence function and/or robustness to the frame-
work of general time series is a difficult task (see [51] or [59]). Such concepts
are important not only to detect ”outliers” among the data or influential ob-
servations but also to generalize the important notion of efficient estimation
in semiparametric frameworks (see the recent discussion in [13] for instance).
In the markovian setting, a recent proposal based on martingale approxima-
tion has been made by [61]. Here we propose an alternative definition of the
influence function based on the (approximate) regeneration blocks construc-
tion, which is easier to manipulate and immediately leads to central limit and
convolution theorems.

1.7.1 Defining the influence function on the torus

The leitmotiv of this paper is that most parameters of interest related to
Harris chains are functionals of the distribution £ of the regenerative blocks
(observe that £ is a distribution on the torus T = U,>1E™), namely the
distribution of (Xj,...., X;,) conditioned on X, € A when the chain pos-
sesses an atom A, or the distribution of (X1, ...., X7, ) conditioned on (Xo,
Yo) € A in the general case when one considers the split chain (refer to
section 2 for assumptions and notation, here we shall omit the subscript
A and M in what follows to make the notation simpler). In view of The-
orem 2.1, this is obviously true in the positive recurrent case for any func-
tional of the stationary law u. But, more generally, the probability distribu-
tion P, of the Markov chain X starting from v may be decomposed as fol-

lows: P, ((Xp)n>1) = L£o((X7, ....,XTA(D))HZO:1 LU X ra)s - Xeaet1))),
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denoting by £, the distribution of (Xi,...., X,,) conditioned on Xy ~ v.
Thus any functional of the law of (X,,),,>1 may be seen as a functional of (£,,
L). However, pointing out that the distribution of £, cannot be estimated
in most cases encountered in practice, only functionals of £ are of practical
interest. The object of this subsection is to propose the following definition
of the influence function for such functionals. Let Pr denote the set of all
probability measures on the torus T and for any b € T, set [(b) = k if b € E¥,
k > 1. We then have the following natural definition, that straightforwardly
extends the classical notion of influence function in the i.i.d. case, with the
important novelty that distributions on the torus are considered here.

Definition 1. Let T : Py — R be a functional on Pr. If for L in Pr,
t=HT((1 — t)L + t&y) — T(L)) has a finite limit as t — 0 for any b € T,
then the influence function T of the functional T is well defined, and by
definition one has for all b in T,

T(1=t)L+to) —T(L)
; .

ﬂ%am:p% (1.30)

1.7.2 Some examples

The relevance of this definition is illustrated through the following examples,
which aim to show how easy it is to adapt known calculations of influence
function on R to this framework.

a) Suppose that X is positive recurrent with stationary distribution p. Let
[+ E — R be p-integrable and consider the parameter po(f) = E,(f(X)).
Denote by B a r.v. valued in T with distribution £ and observe that uo(f) =
Ec (f(B))/E. (I(B)) = T(L) (recall the notation f(b) = 4" £(b;) for any
b e T). A classical calculation for the influence function of ratios yields then

1) _d B _ J(®) = u(f)UDb)
(b, £) = 2 (T((A = )L + tb)|r—0 = T, ((B))
Notice that E.(T™M (B, L)) = 0.
b) Let 6 be the unique solution of the equation: E,(¢(X, 6)) = 0, where
1 : R? — Ris C?. Observing that it may be rewritten as E.(¢(B, §)) = 0, a
similar calculation to the one used in the i.i.d. setting (if differentiating inside
the expectation is authorized) gives in this case

P(b, 6)

T, 6 i,& :
EA(Ziil w(a); : )

Té’l)(bv 'C) =

By definition of 6, we naturally have IEE(T,(@D(B, L)) =0.

¢) Assuming that the chain takes real values and its stationary law u has
zero mean and finite variance, let p be the correlation coefficient between
consecutive observations under the stationary distribution:
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_ E,u,(Xan+1) _ EA(Z:LA:1 Xan+1)
EM(X%) EA(Z;A:1 X%)

For all b in T, the influence function is

WO (b — Db
Tél)(b, [/) _ Zz:l 74(‘::’1 2[) Z>’
EA( t=1 Xt)

and one may check that IEL(TP(I)(B7 L£))=0.
d) It is now possible to reinterpret the results obtained for U-statistics in
section 6. With the notation above, the parameter of interest may be rewritten

p(U) =Eg (I(B)) *Eexc(U(B1, Ba)),
yielding the influence function: Vb € T,

(b, L) = 2B, (I(B) 2E, (@y (By, By)|By = b).

1.7.3 Main results

In order to lighten the notation, the study is restricted to the case when
X takes real values, i.e. E C R, but straightforwardly extends to a more
general framework. Given an observed trajectory of length n, natural em-
pirical estimates of parameters T(L) are of course the plug-in estimators
T(L,) based on the empirical distribution of the observed regeneration blocks
Ln=(,—1)""! Z;":_ll dp; € Pr in the atomic case, which is defined as soon
as I, > 2 (notice that P, (I, < 1) = O(n™!) as n — oo, if Ho(1,v) and Ho(2)
are satisfied). For measuring the closeness between £, and L, consider the
bounded Lipschitz type metric on Pr

dpr(L.L) = sup { [ FB)L(dD) — / fOC@)}),  (131)

feLiplk

for any £, £ in P, denoting by Lipt the set of functions F : T — R of type
F(b) = Y'Y f(b), b € T, where f : E — R is such that sup,. | f(z)] < 1
and is 1-Lipschitz. Other metrics (of Zolotarev type for instance, ¢f [68]) may
be considered. In the general Harris case (refer to § 3.2 for notation), the in-
fluence function based on the atom of the split chain, as well as the empirical
distribution of the (unobserved) regeneration blocks have to be approximated
to be of practical interest. Once again, we shall use the approximate regen-
eration blocks By, ..., an—l (using Algorithm 2, 3) in the general case and
consider

b,—1
Ly=(n=1))" 6p,
j=1

when lAn > 2. The following theorem provides an asymptotic bound for the
error committed by replacing the empirical distribution £, of the "true” re-
generation blocks by L£,,, when measured by dpr.
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Theorem 11. Under H6(4),H6(4,1/),H2, Hs and Hy, we have
dBL(En,En) =0(al/?), as n — .
And if in addition dpr,(Ly, L) = O(n=Y?) as n — oo, then
dpr (L, Ly) = O(a*n=1?), as n — .

Proof. With no loss of generality, we assume the X;’s centered. From lemma
5.3 in [10], we have 1,,/l, — 1 = Op, (a}/2) as n — 0o. Besides, writing

lo—1
~ l,—1 1 <
dpr(Ln, Ly) < (=———1) sup | f(B;)l
l, — 1 feLiph ln =1 ; !
ln—1 b,—1

o sup n T (B e Y SB)L (132)

ln —1 fELip%.

j=1

and observing that sup r¢ 1,1 [(ln— 1)t Eé’":_ll f(Bj)] < 1, we get that the first

term in the right hand side is Op, (a}/z) as n — 00. Now as sup,cp | f(z)] < 1,
we have

Ly P,
It FB) =Y FB) < 0 ([Fane (1) = Tane D]+ [Fan (1) = Fa (1)),

j=1 =1

and from lemma 5.1 in by [9], the term in the right hand side is op, (n™1) as
n — oco. We thus get

dpr(Ln, L) < a/?dpr (Lo, L) + 0p, (n71), as n — oc.
And this completes the proof.

Given the metric on Py defined by dpr, we consider now the Fréchet
differentiability for functionals T : Pr — R.

Definition 2. We say that T is Fréchet-differentiable at Ly € Pr, if there
exists a linear operator DTg) and a function 6(1)(‘,50): R — R, continuous
at 0 with €1 (0, L) = 0, such that:

VL € Pr, T(L) — T(Lo) = DM T, (L — Lo) + RU(L, L),

with RY(L,Lo) = dpr(L,Lo)eM (dpr(L, Lo), Lo). Moreover, T is said to
have a canonical gradient (or influence function) TM (., Ly), if one has the
following representation for DTE)) :

VL € Pe, DIL(E - Lo) = [ 700, Lo)L(a)
T
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Now it is easy to see that from this notion of differentiability on the
torus one may directly derive CLT’s, provided the distance d(L,, L) may
be controlled.

Theorem 12. In the regenerative case, if T': Py — R is Fréchet differentiable
at L and dgp (L, L) = Op, (n=?) (or RV(L,,, L) = op, (n"1/?)) as n — oo,
and if E4(14) < 00 and 0 < Var(TMW(By, L)) < oo then under P,,

M2 (T (L) — T(L)) = N(0,Ex(1a)Vara(TM(By, L)), as n — oc.

In the general Harris case, if the split chain satisfies the assumptions above
(with A replaced by Anq), under the assumptions of Theorem 11, as n — o0
we have under P,

nY2(T(L,) — T(L)) = N(0,Ea,, (Tar)Vara, (T (By, L)).

The proof is straightforward and left to the reader. Observe that if one

1/2

renormalizes by l,l/ % instead of renormalizing by n'/# in the atomic case (resp.,

by Z}l/ % in the general case), the asymptotic distribution would be simply
N(0,Vara(TW(By, L)) (vesp., Vara,, (T™W(By, L)), which depends on the
atom chosen (resp. on the parameters of condition M).

Then going back to the preceding examples, we straightforwardly deduce
the following results.

a) Noticing that 111/2/1,1/2 — E(14)Y? Py~ a.s. as n — oo, we immedi-
ately get that under P,, as n — oo,

TA

2 (f) = 1(£)) = N0, Ea(ra) ™ Vara(Y_(f(X:) = u(f))-
i=1
b) In a similar fashion, under smoothness assumptions ensuring Fréchet

differentiability, the M-estimator 8, being the (unique) solution of the block-
estimating equation

Ta(ln) I, 7a(j+1)
doowXn0) = > (Xi,0) =0,
i=Ta+1 J=li=7a(j)+1

we formally obtain that, if E4(}_/2; W) # 0 and 6 is the true value of

i=
the parameter, then under P, as n — oo,

Ea(X72, 28X00)  Var (72, (X5, 6))
E4(7a) Ea(7a)

Observe that both factors in the variance are independent from the atom A
chosen. It is worth noticing that, by writing the asymptotic variance in this
way, as a function of the distribution of the blocks, a consistent estimator
for the latter is readily available, from the (approximate) regeneration blocks.
Examples ¢) and d) may be treated similarly.

n'2(8, — ) = N(0, |

).
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Remark 8. The concepts developed here may also serve as a tool for robust-
ness purpose, for deciding whether a specific data block has an important
influence on the value of some given estimate or not, and/or whether it may
be considered as ”outlier”. The concept of robustness we introduce is related
to blocks of observations, instead of individual observations. Heuristically, one
may consider that, given the regenerative dependency structure of the pro-
cess, a single suspiciously outlying value at some time point n may have a
strong impact on the trajectory, until the (split) chain regenerates again, so
that not only this particular observation but the whole ”contaminated” seg-
ment of observations should be eventually removed. Roughly stated, it turns
out that examining (approximate) regeneration blocks as we propose before,
allows to identify more accurately outlying data in the sample path, as well as
their nature (in the time series context, different type of outliers may occur,
such as additive or innovative outliers). By comparing the data blocks (their
length, as well as the values of the functional of interest on these blocks) this
way, one may detect the ones to remove eventually from further computations.

1.8 Some extreme values statistics

We now turn to statistics related to the extremal behaviour of functionals of
type f(X,) in the atomic positive Harris recurrent case, where f : (E, ) — R
is a given measurable function. More precisely, we shall focus on the limiting
distribution of the maximum M, (f) = maxi<;<n f(X;) over a trajectory of
length n, in the case when the chain X possesses an accessible atom A (see
[3] and the references therein for various examples of such processes X in the
area of queuing systems and a theoretical study of the tail properties of M, (f)
in this setting).

Submazxima over regeneration blocks

For j > 1, we define the ”submaximum” over the j-th cycle of the sample
path:

G(f) = max f(X5).

1+74(5)<i<Ta(G+1)

The (;(f)’s are ii.d. r.v.’s with common d.f. Gy(z) = P(¢i(f) < z). The
following result established by [75] shows that the limiting distribution of
the sample maximum of f(X) is entirely determined by the tail behaviour
of the df Gy and relies on the crucial observation that the maximum value
M, (f) = maxi<;<n f(X;) over a trajectory of length n, may be expressed in
terms of ”submaxima” over regeneration blocks as follows

M, (f) = max(Go(f), | _max_ G(f), G (/).

<iSln—1

where (o(f) = maxigicr, f(X;) and Cz:)(f) = MaXjpry(l,)<i<n f(X;) de-
note the maxima over the non regenerative data blocks, and with the usual
convention that the maximum over an empty set equals —oco.
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Proposition 4. (see [75]). Let o = E4(74) be the mean return time to the
atom A. Under the assumption (A1) that the first (non-regenerative) block
does not affect the extremal behaviour, i.e. P, ((o(f) > maxi<r<i Ce(f)) — 0
as | — oo, we have

sup | P, (M, (f) < x) — Gp(z)™* |— 0, asn — oo. (1.33)
z€R

Hence, as soon as condition (A1) is fulfilled, the asymptotic behaviour of
the sample maximum may be deduced from the tail properties of G's. In partic-
ular, the limiting distribution of M,,(f) (for a suitable normalization) is the ex-
treme df He () of shape parameter ¢ € R (with He(z) = exp(—2~1/$)I{z > 0}
when & > 0, Ho(z) = exp(— exp(—2)) and He(z) = exp(—(—z)"/4){z < 0}
if ¢ < 0) iff G belongs to the maximum domain of attraction MDA(H)
of the latter df (refer to [69] for basics in extreme value theory). Thus,
when Gy € MDA(H), there are sequences of norming constants a, and
b, such that G¢(anx + b,)™ — He(x) as n — oo, we then have P, (M, (f) <
al,x +b,) — He(x) as n — oo, with al, = a,/ab.

Tail estimation based on submaxima over regeneration blocks

In the case when assumption (Al) holds, one may straightforwardly derive
from (1.33) estimates of Hy ,(z) = P, (M,(f) < ) as n — oo based on the
observation of a random number of submaxima (;(f) over a sample path, as
proposed in [36]:
Hy, o, 1(x) = (G, n(@)),

with 1 < 1 < [, and denoting by éﬁ n(T) = i’;;l I{¢;(f) < z} the
empirical df of the (;(f)’s (with C’\f’ »(2) = 0 by convention when I, < 1).
We have the following limit result (see also Proposition 3.6 in [36] for a dif-
ferent formulation, stipulating the observation of a deterministic number of
regeneration cycles).

Proposition 5. Let (uy,) be such that n(1 —Gy(uy))/a —n < 0o asn — co.
Suppose that assumptions Ho(1, v) and (A1) holds, then Hy, ,(un) — exp(—n)
as n — 0o. And let N,, € N such that Nn/n2 — 0 as n — oo, then we have

ﬁﬁ N, 1, (Un)/Hy, n(un) — 1 in P, - probability, as n — oo. (1.34)

Moreover if Ny, /n**? — 0o as n — oo for some p > 0, this limit result also
holds P,- a.s. .

Proof. First, the convergence Hy ,(u,) — exp(—n) as n — oo straight-
forwardly follows from Proposition 8.1. Now we shall show that [,(1 —
éﬁ N, (un)) = nin P,- pr. as n — oo. As l,,/n — a~! P,- a.s. as n — oo by
the SLLN, it thus suffices to prove that

n(Gs(un) — Gy N, (un)) — 0 in P, — pr. as n — oo. (1.35)



44 Patrice Bertail and Stéphan Clémengon

Write
PN N, n b 1
n(G () = G, () = 7= 50 D2 {HGU) < = G},
n n =1

and observe that N,,/(Iy, —1) — «a, P,- a.s. as n — oo by the SLLN again.
Besides, from the argument of Theorem 15 in [26], we easily derive that there
exist constants C'; and Cs such that for all e > 0, n € N

an—l

P, Z {]I{Cj(f) < un} - Gf(un)} ze| <Oy eXP(_C252/Nn)
=1

+]P)V(TA>N’I’L)'

From this bound, one immediately establishes (1.35). And in the case when
N,, = n?** for some p > 0, Borell-Cantelli’s lemma, combined with the latter
bound shows that the convergence also takes place P, -almost surely.

This result indicates that observation of a trajectory of length N,,, with
n? = o(N,) as n — oo, is required for estimating consistently the extremal
behaviour of the chain over a trajectory of length n. As shall be shown below,
it is nevertheless possible to estimate the tail of the sample maximum M, (f)
from the observation of a sample path of length n only, when assuming some
type of behaviour for the latter, namely under maximum domain of attraction
hypotheses. As a matter of fact, if one assume that Gy € MDA(H) for
some ¢ € R, of which sign is a priori known, one may implement classical
inference procedures (refer to § 6.4 in [32] for instance) from the observed
submaxima 1(f),..., (;,—1(f) for estimating the shape parameter & of the
extremal distribution, as well as the norming constants a,, and b,. We now
illustrate this point in the Fréchet case (i.e. when £ > 0), through the example
of the Hill inference method.

Heavy-tailed stationary distribution

As shown in [75], when the chain takes real values, assumption (A1) is checked
for f(x) = = (for this specific choice, we write M, (f) = M,, Gy = G, and
¢;(f) = ¢; in what follows) in the particular case when the chain is stationary,
i.e. when v = u. Moreover, it is known that when the chain is positive recurrent
there exists some index 6, namely the extremal index of the sequence X =
(Xn)nen (see Leadbetter & [75] for instance), such that

Pu(My <) ~ F,(x)"?, (1.36)
denoting by F,(x) = u(] — 00, z]) = a'E4 (>[4, I{X; < z}) the stationary
df. In this case, as remarked in [75], if (u,) is such that n(l — G(u,))/a —
n < 00, we deduce from Proposition 8.1 and (1.36) that
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]P’A(maxlgigm Xz > Un)
n—oo (3004 {Xi > un})

We may then propose a natural estimate of the extremal index 6 based on the
observation of a trajectory of length IV,

é\ - Zél;lH{CJ > un}
N — N )
>oimn X > unt

which may be shown to be consistent (resp., strongly consistent) under P,
when N = N,, is such that N,,/n? — oo (resp. N,,/n*** — oo for some p > 0)
as n — oo and Hy(2) is fulfilled by reproducing the argument of Proposition
9.2. And Proposition 8.1 combined with (1.36) also entails that for all £ in R,

Ge MDA(H:) & F,, € MDA(Hy).
Regeneration-based Hill estimator

This crucial equivalence holds in particular in the Fréchet case, i.e. for £ > 0.
Recall that assuming that a df F' belongs to M DA(H,) classically amounts
then to suppose that it satisfies the tail regularity condition

1—F(x) = L(z)x™°,

where a = ¢! and L is a slowly varying function, i.e. a function L such
that L(tz)/L(z) — 1 as © — oo for any ¢ > 0 (¢f Theorem 8.13.2 in [14]).
Since the seminal contribution of [45], numerous papers have been devoted to
the development and the study of statistical methods in the i.i.d. setting for
estimating the tail index a > 0 of a regularly varying df. Various inference
methods, mainly based on an increasing sequence of upper order statistics,
have been proposed for dealing with this estimation problem, among which the
popular Hill estimator, relying on a conditional maximum likelihood approach.
More precisely, based on i.i.d. observations X1, ...., X, drawn from F'| the Hill
estimator is given by

X()

-1 1.37
X(k:+1)) (1.37)

k
HY,=(#k") In

i=1

where X ;) denotes the i-th largest order statistic of the sample XM = (X1, ..y
Xn), 1 <i<n,1<k<n.Strong consistency (cf [28]) of this estimate has
been established when k = k,, — oo at a suitable rate, namely for k,, = o(n)
and Inlnn = o(k,) as n — oo, as well as asymptotic normality (see [38]) under
further conditions on F and &y, Vkn(HY ,, —a) = N(0, a*), as n — co. Now
let us define the regeneration-based Hill estimator from the observation of the
l, —1 submaxima (3, ..., (;,—1, denoting by §(;y the j-th largest submaximum,
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k

~ e R C6) -1
an. r=H = (k E In——)"".
’ b1 = ~ C(k+1))

Given that [, — oo, P,- a.s. as n — oo, results established in the case of i.i.d.
observations straightforwardly extend to our setting (for comparison purpose,
see [71] for properties of the classical Hill estimate in dependent settings).

Proposition 6. Suppose that F,, € MDA(H,-:) with a > 0. Let (k,) be
an increasing sequence of integers such that k, < m for all n, k, = o(n)
and Inlnn = o(k,) as n — oo. Then the regeneration-based Hill estimator is
strongly consistent

Qn, ky,_, — @, Py-a.s., asn — oo.

Under the further assumption that F), satisfies the Von Mises condition and
that k,, is chosen accordingly (cf [38]), it is moreover asymptotically normal
in the sense that

Vki,—1(@n, k,, _, —a) = N(0, a*) under P, asn — occ.

1.9 Concluding remarks

Although we are far from having covered the unifying theme of statistics based
on (pseudo-) regeneration for Harris Markov chains, an exhaustive treatment
of the possible applications of this methodology being naturally beyond the
scope of the present survey article, we endeavoured to present here enough
material to illustrate the power of this method. Most of the results reviewed
in this paper are very recent (or new) and this line of research is still in de-
velopment. Now we conclude by making a few remarks raising several open
questions among the topics we focussed on, and emphasizing the potential
gain that the regeneration-based statistical method could provide in further
applications.

e We point out that establishing sharper rates for the 2nd order accuracy
of the ARBB when applied to sample mean statistics in the general Harris
case presents considerable technical difficulties (at least to us). However, one
might expect that this problem could be successfully addressed by refining
some of the (rather loose) bounds put forward in the proof. Furthermore, as
previously indicated, extending the argument to U-statistics requires to prove
preliminar nonuniform limit theorems for U-statistics of random vectors with
a lattice component.

e In numerous applications it is relevant to consider null recurrent (even-
tually regenerative) chains: such chains frequently arise in queuing/network
systems, related to teletraffic data for instance (see [70] or [37] for example),
with heavy-tailed cycle lengths. Hence, exploring the theoretical properties
of the (A)RBB for these specific time series provides thus another subject
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of further research: as shown by [50], consistent estimates of the transition
kernel, as well as rates of convergence for the latter, may still be exhibited
for B-recurrent null chains (i.e. chains for which the return time to an atom
is in the domain of attraction of a stable law with 3 €]0, 1] being the stable
index), so that extending the asymptotic validity of the (A)RBB distribution
in this case seems conceivable.
e Turning to the statistical study of extremes now (which matters in insur-
ance and finance applications for instance), a thorough investigation of the
asymptotic behaviour of extreme value statistics based on the approximate
regeneration blocks remains to be carried out in the general Harris case.

We finally mention ongoing work on empirical likelihood estimation in the
markovian setting, for which methods based on (pseudo-) regeneration blocks
are expected to provide significant results.
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