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Abstract

We consider the problem of testing hypotheses on the copula
density from n bi-dimensional observations. We wish to test the null
hypothesis characterized by a parametric class against a composite
nonparametric alternative. The density under the alternative are sep-
arated in the Lo-norm from any density lying in the null hypothesis.
The copula densities under consideration are supposed to belong to a
range of Besov balls. According to the minimax approach, the testing
problem is solved in an adaptive framework: it leads to a log term loss
in the minimax rate of testing in comparison with the non-adaptive
case. A smoothness-free test statistic that achieves the minimax rate
is proposed. The lower bound is also proved. The empirical behavior
of the test procedure is also studied with both simulated and real data.

Index Terms — copulas, adaptive testing, composite null hypothesis,
minimax rate of testing



1 Introduction

Copulas became a very popular and attractive tool in the recent literature for
modeling multivariate observations. The nice feature of copulas is that they
capture the structure dependence among the components of a multivariate
observation without requiring the study of the univariate margins. More
precisely, Sklar’s Theorem ensures that any d—varied distribution function
H may be expressed as

H(z, ... 2% :C<F1(561),---,Fd(33d)>7

where the FP’s are the margins and C' is called the copula function.
( ) states the existence and the uniqueness of C' as soon as the random
variables with joint law H are continuous.

Modeling the dependence is a great challenge in statistics, specially in fi-
nance or assurance where (for instance) the identification of the dependence
structure between assets is essential. Many authors proposed parametrical
families of copulas {Cy\,\ € A}, each of them being available to capture
different dependence behavior. The elliptic family contains the Gaussian
Copulas and the Student Copula which are often used in finance. For insur-
ance purposes, heavy tails are needed and copulas coming from the archi-
median family are used. Among others, the more common are the Gumbel
Copula, the Clayton Copula or the Frank Copula. In view to illustrate
the different behaviours of the tails of several copula densities, we present
graphs corresponding to the models cited above. The parameters are chosen
such a way that the associated Kendall’s tau (i.e. the indicator of concor-
dance/discordance) is identical in all illustrations.

Al

Figure 1: Kendall’s tau= 0.25. Left: Bi-dimensional Gaussian copula den-
sity with parameter p = 0.4. Right: Bi-dimensional Student copula density
with parameter (p,v) = (0.4, 1).

Since many parametric copula models are now available, the crucial
choice for the practitioner is to identify the model which is well-adapted



Figure 2: Kendall’s tau= 0.25. Left: Bi-dimensional Frank copula density
with parameter § = 2.5. Center: Bi-dimensional Gumbel copula density
with parameter § = 1.33. Right: Bidimensional Clayton copula density
with parameter 6 = 0.66.

to his data. Many goodness-of-fit tests are proposed in the literature.
( ) give an excellent review and propose a detailed empir-
ical study for different tests: we refer to this paper for any supplementary
references. Roughly speaking, they study procedures based on empirical
processes. Among others, they deal with rank-based versions of the Cramér-
von-Mises and Kolmogorov-Smirnov statistics. They also consider test based
on Kendall’s transform. Basically, they restrict themselves to test statistics
built from empirical distributions (empirical copula or transform of this lat-
ter). On a theoretical point of view, the asymptotic law under the null of
the test statistic is stated in a number of papers (see by instance
( ), ( ) and ( )). It allows in particular
to derive the critical value but generally the alternative is unspecified and
the properties on the power are empirically given from simulations.

In our paper, it is supposed that the copula C' admits a density copula ¢
with respect to the Lebesgue measure. To our knowledge, ( )
was the first author to propose a goodness-of-fit test based on nonparametric
kernel estimations of the density copula. In the same spirit as the papers
cited above, he derived the asymptotic law of the test statistic under the null.
His results are valid for bandwidths greater than n~2/(®+4) which correspond
to enough smooth copula densities.

In this paper, we focus on the minimax theory framework: we define
the test problem as initiated by ( ). One of the advantages of
this point of view is to precisely define the alternative: it is then possible
to quantify the risk associated to the test problem as the sum of the first
type error and the second type of error. Since this risk measure provides
a quality criterion, it is possible to compare the test procedures. Indeed,
the alternative Hjp(v,) is defined from a positive quantity v, measuring



the distance between the null and the latter. Obviously, the larger is this
separating distance, the easier is the decision. The aim of the minimax
theory is to determine the larger alternative for which the decision remains
feasible. Solving the lower bound problem is equivalent to exhibit the
faster separating rate v, such that the risk is bounded from below by a given
positive constant «: this rate is called the minimax rate of testing. Next,
the upper bound problem has to be solved exhibiting a test procedure
whose risk is bounded from above by a given «, that is, the statistic test
allows to distinguish the null from H;(v,), where v, is the minimax rate.
In the white noise model or in the density model, the goodness-of-
fit problem (stands as explained above) was solved for different regularity
classes (Holder or Sobolev or Besov) associated with various geometries:
pointwise, quadratic and supremum norm. For fixed smoothness of the un-
known density (minimax context), there is a rich literature summed-up
in ( ) and in ( ). Optimal test proce-
dures include orthogonal projections, kernel estimates or x? procedures.
Goodness-of-fit tests with alternatives of variable smoothness into some

given interval (adaptive context) were introduced by ( ) for
Ly distance in the Gaussian white noise model and generalized by
( ) to L,, distances. ( ) proved that a collection of x? tests

attains the adaptive rates of goodness-of-fit tests in Lo distance as well as
for the density model.

For sake of simplicity, we restrict ourselves to bi-dimensional data but
there is no theoretical obstacle to generalize our results to higher dimensions.
Suppose that we observe n i.i.d. copies (X;,Y;)iez where Z = {1,...,n} of
(X,Y). The random vector (X,Y) is drawn from the distribution function
H expressed through the copula C. Moreover, it is assumed that C has a
copula density ¢ with respect to the Lebesgue measure on IR? and F and G
stand for the cdf’s of X and Y respectively. From (X;,Y;);c7, we are inter-
ested in studying the goodness-of-fit problem when the null is a composite
hypothesis Hy : ¢ € C for a general class C of parametrical copula densities.
Since the alternative is defined from the quadratic distance, we propose a
goodness-of-fit test based on wavelet estimation of an integrated functional
of the copula density. Indeed, ( ) and ( )
show that the wavelet methods are an efficient tool to estimate the cop-
ula densities since these latter have very specifics behaviors. Unfortunately
no direct observations (F(X;),G(Y;)) for ¢ € T are available since F' and
G are unknown, the test statistic is then built with pseudo-observations
(F(X;),G(Y3))iez: as usual in the copula context, the quantities of interest
are rank-based statistics. We provide an auto-driven test procedure and we
produce its rate when the alternative contains a regular constraint: since
the procedure is based on wavelet methods, the linked functional classes
are the Besov classes B, ,. We give results for p > 2 (dense case) and
s > 1/2. The case p < 2 is called the sparse case and leads to different



minimax rates (see ( )); in this case, another test
strategy must be constructed and it will be explored in a further work. The
constraint s > 1/2 is due to the fact that pseudo-data are used and then a
minimal regularity is required in order to pay no attention to substitute the
direct data with the ranked data. Observe that

( ) have the same constraint in the univariate regression model when
the design is random with unknown distribution. Next, we prove that our
procedure is minimax (and adaptive) optimal by exhibiting the minimax
adaptive rate. This one looks like the minimax rate but an extra loglog
term appears: we prove that this loss is the price to paid for adaptivity. To
our knowledge, the proof of the adaptive lower bound in the multivariate
density model when the null is composite has never been clearly written.

Next, we allocate a large part in this paper to empirical studies. Simu-
lation allows us to show that, when the theoretical framework is respected,
the power qualities of our test procedures are good. We choose to make
simulations starting from the parametrical copula families presented in the
beginning of the introduction and which are the more common for appli-
cations. We compare our simulation results with those of
( ). Then, we study a very well known sample of real life data of

( ) consisting of the indemnity payment (LOSS) and
the allocated loss adjustment expense (ALAE) for 1500 general liability
claims. The most popular model for the copula is a Gumbel copula model
with parameter § = 1.45 (which may be estimated by inverting the Kendall’s
tau) given in Figure 3. Among other results, it is empirically shown that the
Gumbel and the Gaussian copula models are acceptable while Student, Clay-
ton or Frank models are rejected. Figure 3 gives a wavelet estimator of the
copula density of (LOSS, ALEA) by the method explained in
( ). Visually, fitting the unknown copula with the Gumbel model seems
indeed to be the most appropriated.

The paper is organized as follows. In Section 2, we first provide a gen-
eral description of orthonormal wavelet bases, focusing on the mathematical
properties that are essential to the construction of the statistics we consider.
In Section 3, we provide the inference procedures: first, we explain how to
estimate the square Lo-norm of the copula density and next we derive the
procedure of goodness-of-fit. The theoretical part is exposed in Section 4:
first, we state very precisely the test problem under consideration; we define
the criterion allowing to measure the quality of test procedures and define
the separating minimax rate. In Section 5 the main results are stated: our
test procedure is shown to be optimal in the sense defined in the previous
section. Section 6 is devoted to practical results: first, we present an in-
tensive simulation study and next a real-life data is exploited. We conclude
these parts with a discussion in Section 7. The proof of the upper bound
is given in Section 8 while the proof of the lower bound is given in Section
9. Finally, all technical or computational lemmas which are not essential to

Ut
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Figure 3: Left: Thresholded wavelet estimator for the copula density of
(LOSS,ALEA) as given in Autin et al. (2008). Center: Gumbel copula
density with parameter § = 1.45. Right: Gaussien copula density with
parameter p = 0.48.

understand the main proofs, are postponed in Appendix.

2  Wavelet Setting

2.1 Wavelet expansion

In the univariate case, let ¢ be a scaling function and 1 its associated wavelet
function, which are chosen compactly supported on [0, L], L > 0. Let j in
IN, k; in 7 and for any univariate function ®, set ®; 1, (-) = 27/2®(27 - —k).
In the sequel, we use wavelet expansions for bivariate functions and we keep
the same notation as for the univariate case. Then, a bivariate wavelet basis
is built as follows:

Y) = ik, ()82 (Y),

i k(T y) = Gk () by (1), Wi,
x, y) = wj,kl ($)wj,k2 (y)7

k
) = i ()b (), U5

where the subscript k& = (k1, k2) indicates the number of components of the
functions ¢; and v, ;. For a given j € IN, the set

{Gjhr Wi pos £ > 7, (k, k') € Z* x TP e = 1,2,3}

is an orthonormal basis of L?(IR?) and the expansion of any real bivariate
function ® in L?(IR?) is given by:

(I)(:[;,y) = Z Aj,k¢j7k(xvy) +Z Z Z BZH?Zk(%ZJ)a

kez? l=j kez? e=1,2,3



where the scaling coefficients and the wavelet coefficients are
VjeIN,Vk € Z*, Ajx :/ Ok, i :/ DY 1.
R? R?

The Parseval equality immediately leads to the expansion of the square Lo-
norm of the function &:

/cp? = T;+ By, (1)

where the trend and the detail terms are respectively:

o) 3
Ty= Y (Ajp)? and Bj=> " > > (Bj,)* (2)

kez? l=j kem? =1

Note that if ® has a compact support on [ay, b1] X [ag, bo], the sum over the
indices k is finite: there are no more than (27(by —ay) + L)(27(by — az) + L)
terms in the sum (recall that L is the length of the support of ¢); this is the
case of the functions ¢ under consideration since they are copula densities
whose support is [0,1]2. In order to simplify the notations, the bounds of
variation of k£ and € in expansion of any ®, are omitted in the sequel.

2.2 Besov Bodies and Besov spaces

Since we deal with wavelet expansions, it is natural to consider Besov bod-
ies as functional spaces because they are characterized in term of wavelet
coeflicients as follows.

Definition 1. For any s > 0,p > 1 and any radius M > 0, a function ®
defined on R? belongs to the ball bs p oo(M) of the Besov body bspo if and
only if its sequence of wavelet coefficients B, satisfies

3
VieIN, Y ) |BS,P < M2 etd2md/pp,
kez? =1

The Besov body b, ~ coincides with the more standard Besov space

Bs p,oo When there exists an integer IV strictly larger than s and such that
the g—th moment of the wavelet 1 vanishes for any ¢ = 0,...,N — 1.
It is possible to build univariate wavelets whose support is included in
[0,2N — 1] satisfying this property for any choice of N (see the Daubechies
wavelets). An advantage of the Besov spaces Bsp o is to provide an use-
ful tool to classify wavelet decomposed signals according to their regular-
ity and sparsity properties (see for instance ( ),
( )). Roughly speaking, the regularity increases

with s, whereas the sparsity decreases with p; in particular, the spaces with



indice p < 2 describe very wide classes of inhomogeneous but sparse func-
tions. In this paper, only the case p > 2 is considered.

In the sequel, we need to bound the detail term B; defined in (2). We
use the following inequality

2/p

[e%) 3
vieN, B <Y [ S| (o)

=3 kec72 e=1

where K is a positive constant depending on the supports of ® and 2.
Assuming that the function ® belongs to by, oo (M) with s,p and M as in
Definition 1, the following inequality holds

VielN, B; < K27%° (3)

where K is a positive constant depending on the supports of ®, ¥ and on
the radius M. When @ is a copula density, K = M2/P (3(L + 1)2)1—2/19‘

3 Statistical Procedures

Assuming that the copula density ¢ belongs to Lo, we first explain the pro-
cedure to estimate the square Lo—norm of ¢

o= e = [ &
[0,1]2

which is used to define the alternative of the goodness-of-fit test. The statis-
tical methods depend on parameters (the level j for the estimation procedure
and j and the critical value t; for the test procedure) which are discussed
and determined in an optimal way in Section 5.

It is fundamental to note that, for any bivariate function ®, one has

E[@U, V)] = IBp[®F(X),G(Y))], (4)

where h stands for the joint density of (X,Y’). This means in particular that
the wavelet coefficients {Cj,kacé,kv (> 4,k e Z*e=1,23} of the copula
density c on the wavelet basis

{Gjr Vigs 0> j, k€ U e=1,2,3}

are equal to the coefficients of the joint density A on the warped wavelet
family

{qu,/f(F()’G())a@bzk(F()vG())a t>j,ke 2276 = 172a3}'

The statistical procedures are based on the wavelet expansion of the copula
density ¢, for which the wavelet coefficients have to be estimated.



3.1 Procedures to estimate 6

Let J be a subset of IN and consider a given j in J. Motivated by the
wavelet expansion (1), we propose to estimate § with an estimator of the
trend T; omitting the detail term B;. Using the orthonormality property of
the wavelet basis, it leads to estimate the square of the coefficients of the
copula density on the scaling function. As usual, a U—statistic associated
to the empirical coefficients is used in order to remove the bias terms. Due
to (4), we first consider the following family of statistics {T\J, j € J} defined
by

e
k

where H/J\k is the following U —statistic

5}; = n—l Z Qb]k (E1))¢j,k (F(Xm)vG(}/ZQ))
11,12 1
1742

Since no direct observation (F(X;), G(Y;)) is usually available, it is replaced
in 0/j\k by the pseudo observation (ﬁ (Xi), G (Y3)), where F, G denote some es-
timator of the margins. To preserve the independence given by the observa-
tions, we split the initial sample (X, Y;);e7 into disjoint samples (X;, Y;)iez,
and (X, Y;)iez, with ZoUZy = Z, ZoNZ; = (), and whose size is ny, na respec-
tively. The sub-sample with indices in Z; is used to estimate the marginal
distributions and the second one with indices in Zy is devoted to the com-
putation of the U-statistic. We consider the usual empirical distribution
functions:

ﬁ(m Z Tix,<ay and G Z Tiy,<yy-

z€I1 2611

It leads to the family {ZF], j € J} of estimators of ¢
D> sk
k

with

0. _ RZI SZ1 Rig i
9]7]@ — n2_ Z (b]k( >¢j, (n17n1)7

21712 €Zs
11712

where R, = nlﬁ(Xp) and S, = nl(A}(Yp), p € Iy, could be viewed as esti-
mates of the rank statistics of X, and Y, respectively.



3.2 Test Procedures

In this part, we consider a family of known bivariate copula densities Cy =
{ea, A € A} indexed by a parameter \ varying in a given set A C IR,
dp € IN*. From the observations (X;, Y;)icz, our aim is to test the goodness-
of-fit between any c) and a copula density ¢, which is enough distant in the
Lo-norm, from the parametric family Cy. Acting as in paragraph 3.1, we
estimate the square Lo-norm between ¢ and a fixed element c) lying in the
family Cp by

L) = > 0k, (5)
k

where

0 = ot 3, o (35) o)

i1,i0€Zo
X <¢j,k < nf : nf) - Cj,k()‘)> ;

i17in
where {c;j()\), k € Z?,j € IN} denote the known scaling coefficients of the
target copula density c). Notice that, if the direct observations (F(X;), G(Y;))iez
would be available, the appropriate test statistic T;(\) would be

L) = > 060N,
k

where
— 1
0N = ZI (&5 (F(X3,), G(Y3,)) — ¢jx(N)
11742

X (Piin (F(Xi), G(Yip)) = cin(N) -

Now we are ready to build the test procedures. Let us give a set of indices
J and a set of critical values {t;, j € J} and define {D;\,j € J}, the family
of test statistics
DY = 1, .~
J inf T;(\) >t;
i 5(A) >t
allowing to test if ¢ belongs to the parametric family Cy = {cx, A € A}. Note
that A = {A\o} leads to the single null hypothesis Hy : ¢ = ¢),. We are also
interested in building auto-driven procedures by considering all the tests in
the family
Dy = maxD? =1

e . (6)
- j . _t.
j€J I}léi}(()l\lelgﬂ()\) tj) >0

10



The sequence of parameters t; of the method are determined in an optimal
way in Section 5. We explain in Section 4 what “optimal way” means in
giving a presentation of the minimax theory for our framework.

4 Minimax Theory

We adopt the minimax point of view to solve the problem of hypothesis test-

ing, initiated by ( ) in Gaussian white noise. A review of results
obtained in problems of minimax hypothesis testing is available in
( ) and ( ). Let us describe this approach.

4.1 Minimax hypothesis testing Problem

As in the previous section, we consider Cy = {cy, A € A} a given functional
class of copula densities. For any given 7 = (s,p, M), withs > 0,p > 1, M >
0, the following statistical problem of hypothesis testing is considered,

Hy:c=cy€eCx against Hi :c eTI'(vy(1)), (7)
with

(0n(1) = bupeeM) 0 int e = all 2 () |

where by, oo(M) is the ball of radius M of the Besov Body b o defined
in Definition 1 and v,(7) is a sequence of positive numbers, depending on
7 and decreasing to zero as n goes to infinity. Recall that ||g|| denotes the
Ly-norm of any function g in Ly(IR?). Observe that the functional class
I'(vn (7)), which determines the alternative Hj, is characterized by three
parameters: the regularity class b, ; o where the copula density is supposed
to belong, the Lo-norm which is the geometrical tool measuring the distance
between both hypotheses, and the sequence vy, (7).

According to the principle of the minimaxity, the regularity space and
the loss function are chosen by the statistician. Notice that the parame-
ter 7 could be known or unknown. Obviously, our aim is to consider tests
which are able to detect alternatives defined with sequences v, (7) as small
as possible. It can be shown ( ( )) that v,(7) cannot be chosen
in an arbitrary way: indeed, if v,(7) is too small, then Hy and H; cannot
be distinguished with a given error a € (0,1). Therefore, solving hypothe-
sis testing problems via the minimax approach consists in determining the
smallest sequence vy, (7) for which such a test is still possible and to indicate
the corresponding test functions. The smallest sequence v, (7) is called the
minimax rate of testing. Let us denote D,, a test statistic that is an arbitrary
function with possible values 0, 1, measurable with respect to (X;, Y;);ez and
such that we accept Hy if D,, = 0 and we reject it if D, = 1.

11



Definition 2. Assuming T to be known, the sequence vy, (7) is the minimaz
rate of testing Hy versus Hy if the relations (8) and (9) are fulfilled:

e for any given oy € (0,1), there exists a > 0 such that

lim inf ( sup IP\(D,=1)4+ sup IP.(D, = 0)) > oR)

n—+00 Dn \ ¢, €Cp ce€l(a vn (7))
where the infimum is taken over any test statistic Dy,

e there exists a sequence of test statistics (D}),, for which for any given
ag in (0,1), it exists A > 0 such that

lim | sup IP\(D;=1)4+ sup IP.(D;=0)]| < a(9)
n—+00 \ ¢yeCp cel(A vn (1))

where IP., respectively IP denotes the distribution function associated with
the copula density c, respectively cy.

4.2 Adaptation

Nevertheless, since the copula function itself is unknown, the a priori knowl-
edge on 7 could appear unrealistic. Therefore, the purpose of this paper is to
solve the previous problem of test in an adaptive framework i.e. in suppos-
ing that 7 = (s,p, M) is unknown but varying in a known set S. Comparing
the adaptive case with the non-adaptive case, it has been proved in differ-
ent frameworks that a loss of efficiency in the rate of testing is unavoidable
(see for instance ( ), ( )). This loss is
expressed as t,, a positive constant or a sequence of positive numbers in-
creasing to infinity with n (as slow as possible), which appears in Untgl(T),
the rate of testing. Similarly to the minimax rate of testing, we define the
adaptive minimax rate of testing as follows

Definition 3. The sequence Uyt (1) is the adaptive minimazx rate of testing
if the relations (10) and (11) are satisfied

e for any given oy € (0,1), there exists a > 0 such that
lim inf [ sup IP\(D, =1)+ sup sup IP.(D,, =10)
n—=+00 Dy \ ¢ eCp T€S cel(av —1(7))
where the infimum is taken over any test statistic Dy,

e there exists a sequence of universal test statistics D}, (free of T) such
that, for any given ag in (0,1), there exists A > 0 such that

Zala

lim sup IPy(D} =1)+ sup sup P.(D}; =0 1K ay

n—+00 \ ¢ eCa TES cel(A v, —1(7))
n

12



where t, is either a positive constant or a sequence of positive numbers
increasing to infinity with n as slow as possible.

Note that relations (10) and (11) (instead of relations (8) and (9)) mean
that the minimax rate of testing v, (7) is contaminated by the term ¢, in
the adaptive setting. Observe that the same phenomenon is observed in the
estimation problem where an extra logarithm term ¢, = log(n) has often
(but not always) to be paid for the adaptation.

5 Main results

In this section, we focus on test problems for which the parametric family
Ca is included in some bs, p, oo(Mp) where sy > 0, pp > 1 and My > 0 are
known.

Our theoretical results concern the minimax resolution of the problem
of hypothesis testing defined in (7) in an adaptive framework. Theorem 2
states the result of the lower bound (see Relation (10)). Then Theorem 3
exhibits the rate achieved by the test procedure proposed in Section 3 (see
Relation (11)). Comparing the rate of our procedure with the fastest rate
given in Theorem 2 leads to the following result:

Theorem 1. Let us set
S={r=(s,p,M),s>1/2,p>2 M >0: s—2/p<spx—2/par, Mr < M}.(12)
Under the assumptions of Theorem 2 and Theorem 3, our test procedure
defined by Relation (6) is adaptive optimal over the range of parameters
TeS.
5.1 Lower Bound

Let us first state our assumptions.

e AlInfl: there exists a parameter Ay in A such that

V(u,v) € [0,1)%, ¢, (u,v) >m, form > 0.

o AInf2: card(A) = o (exp (n'/(sma=t2))) 'where sy, > 1/2 appears
in Theorem 2.

As it is usual for composite null hypotheses, the result of the lower bound
requires the existence of a particular density ¢y, € Cpx (Assumption AInfl)
in order to construct the randomized class of functions which must be in-
cluded in the alternatives. Moreover, a control of the complexity of Cy is
needed (Assumption AInf2).

13



Theorem 2. Suppose that S defined in (12) is nontrivial (see
(1996)), which means that there exist p > 2, M > 0 and 0 < sy, < Smaz
such that

Vs € [smm,Smax]a (87p7 M) €S

and assume that AInfl and AInf2 hold. Set

v, ,1(7) = (nt,; 1) 72/452) with ¢, = \/log(log(n)).

n

Then, it exists a positive constant a such that

lim | inf{sup IP\(D,, = 1) + sup sup IP.(D, =0)} | =(13)
n—+00 |\ Dn \cA TES ceT'(a v -1 (7))

where the infimum is taken over any test function D,,.

5.2 Upper Bound

Theorem 3 deals with Relation (11) which holds for the test statistic D
defined by Relation (6) as soon as the parameters of the methods are chosen
as follows. The set J = {[jo],. .., [Joo |} is determined by

. ; no 1/2 n1 1/2—1/2q
N ) B ) ML

where ¢ is the order of differentiability of the scaling function ¢. The critical
values satisfy

27
Vield, tj=3u n—\/loglog(ng), (15)
2

where p is a positive constant such that p > (/2K K, and K, and K;
are positive constants depending on ||@|c, [|¢]/co, ||€r]lcc @nd the length of
support of ¢ (see Lemma 3).

e ASup:
card(A) = o (exp( ng log(ns) log log(ng))1/4> .

Theorem 3. Let us choose ny = mn and ng = (1 — m)n for some 7 in
(0,1). Assume that the scaling function ¢ is continuously q— differentiable

for B
log (10&721))

14



Moreover assume that any density ¢ under the alternatives or any cy under
the null are uniformly bounded. Then, the test statistic Dy defined by (6) is
such that

lim sup IPy(Dy =1)=0. (16)

n1/A\ng—-+00 e ECA
Assume that ASup holds, then there exists a positive constant A such that

lim  sup sup IP.(Dy=0) = 0, (17)

n1AN2—+00 L8 CGF(A’Unt;I (7))

where

Vot (7) = (ngty, )72/ and ¢, = /log(log(ny)).

Relation (11) of the upper bound holds since both relations (16) and (17)
are satisfied. Note also that Relation (16) indicates that the test statistic
D, is asymptotically of any level in (0, 1).

6 Practical results

The purpose of this section is to provide several examples to investigate the
performances of the test procedure presented in Section 3. This part is not
an illustration of the theoretical part. Instead of focussing on the separating
rate between the alternative and the null hypothesis, our aim is to study
the test procedure from a risk point of view. In the first part, we fix the
test level a = 5% and we study the empirical power function. In the second
part, we present an application to some economical series.

6.1 Methodology

Contrary to the estimation problem, a smooth wavelet is not needed. The
test statistic is then computed with the Haar wavelet since it has a small
support and then it leads to a fast computation time. The critical value of
the test is determined with bootstrap methods: the standard deviation of the
test statistic is computed thanks to Ny = 20 resampling. The size of the
simulated samples is n = 1024 which is very reasonable for bi-dimensional
problems in an asymptotic context. For the real life data example, the
number of data is around n = 4000. We do not split the sample of data as
it is indicated in the theoretical part. For the simulation part, the empirical
level of the test is derived from Nj;c = 50 replications for each test problem.

6.2 Simulations

We consider the usual parametrical families mentioned in Introduction. We
focus on tests with a single density copula cy, under the null hypothesis.

15



6.2.1 Goodness-of-fit when the data are issue from the paramet-
ric family

We first sample data drawn from densities ¢y lying in the same parametric
family at which c), belongs. Table 2 and Table 3 give the empirical power
function for two different dependence structures characterized by a different
Kendall’s tau value. Some comments on the tables are in order below.

Our procedure is empirically very conservative as it is the case in the
theoretical part (see Relation (16)): & is equal to zero provided that A is
sufficiently closed to Ag. On a practical point of view, the estimation of
the variance of the test statistic is not made accurately since a small Npyo;
is used in order to produce a tractable procedure. This implies that the
critical value is not very sharp. When Ag and A are enough closed and from
a Hp-point of view the good issue is that H; is never chosen if Hy is true
whereas on a Hi-point of view, it is difficult to distinguish Hg from Hi. It
implies that our procedure doesn’t guarantee to distinguish favorably ¢ and
¢y, even if the Euclidean distance between A and A\¢ seems large enough.
It is mainly due to the nonparametric side of our test statistic, which is
applied for the simulations to a problem of test whose setting is obviously
parametric. Moreover, it is secondly due to our grid choice of A: we don’t
know the impact of the distance between two consecutive A in the grid on the
Lo-norm of the two corresponding cy. And obviously this relation depends
on the parametric class of copulas. In particular the grid for the Frank family
is not well-chosen. To reduce scale problems, the Kendall’s tau seems to be
a better indicator of the distance between the copula densities ¢y and cy,
since they produce confidence intervals of accepted fits more accurate.

The power is improved with a big dependence structure i.e. with a large
Kendall’s tau in absolute value. For example, observe that the empirical
power when 79 = 7 4+ 0.1 is at least 20%. It is interesting to note that
the empirical power function is not a symmetric function of 7y with respect
to T: it is better when 7 < 7y. A possible explanation is that theoretical
properties of our procedure are good as soon as the unknown copula density
is sufficiently smooth. The smaller is 7, the smoother is the density.

The case of data issued from a Clayton with large parameter (e.g. A =6
which corresponds to 7 = 0.75) does not appear in the tables. Actually, our
procedure fails: we never accept Hy even if ¢y, = cy. We think that this
kind of copula density is not concerned with the theoretical part since it is
very sparse (almost all the wavelet coefficients are zeros whereas a few ones
are large). In other words, it does not belong to a dense Besov space B p oo
with p > 2. Moreover, this copula density is not bounded. We emphasize
that our procedure can not be apply when the data are issued from a sparse
copula density but there is no difficulty to test a sparse or unbounded fit

Cho-
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6.2.2 (Goodness-of-fit for copula densities with similar Kendall’s
tau

Table 4 gives the empirical power level when the sample data is drawn from
densities ¢\ which do not belong the same family as ¢, does, but they have
a similar Kendall’s tau. Obviously, it is a more difficult case for the test
procedure: the power is improved with a Kendall’s tau associated with cy,
which is different from the Kendall’s tau associated with the density sample.
In order to compare our procedure with existing procedures, we choose the
test based on rank-based versions of the familiar Cramér-von Mises statistics
(see ( )). In ( ), an intensive empirical
study is presented for a very different experimental design. Since we are
concerning with asymptotic methods and minimax theory, we need enough
data: here n = 1024 while in ( ) n = 150. The aim of
the latter paper is to study the accuracy of the goodness-of-fit tests with
respect to a prescribed level. Therefore, they need to have a very good
estimation of the variance of the test statistic. Then, they take Ny, = 1000
(while here Npyor = 20) in view to have a sharp critical value. In the same
idea, they choose Nj;c = 10000 to make the empirical probability very
accurate. For our simulation, we take only Ny, = 50. Notice that the
results by ( ) required the nearly exclusive use of 140
CPUs over a one-month period while our aim is to provide fast and simple
tests. Obviously, the results from ( ) should be better
than ours. Nevertheless, we give into the brackets in Table 4 their results.
Several points are apparent from Table 4.

As previously (Table 2 and Table 3 ), our test is always degenerated: we
always accept Hy while the procedure of Genest et al. ( )
produces an excellent estimation of the prescribed level a.

As it is mentioned in the previous part, our procedure fails when the
data are issued from a Clayton copula density with a large Kendall’s tau.
But when 7 = 0.25, the procedure is excellent: as usual, the test admits
& = 0 for empirical estimation of the first kind error. Moreover, when c, is
Gumbel or Student, the empirical power is better than whose obtained by
Genest et al. (for instance & = 0.86 instead of & = 0.27).

For small level of dependence (7 = 0.25) our procedure is very compet-
itive. For instance, when the fit ¢y, is a Student(4), our procedure always
produce a better power than the power given by the CvM test.

6.3 Real data

We present now an application to real data of our test procedure. The level
of each test (with simple null hypothesis or multivariate null hypothesis) is
a = 5%. To obtain the empirical level, N = 50 replications of our procedure
computed with the half of the available data (chosen randomly) is used.

17



Table 1 gives the empirical probability to reject the null hypothesis and the
final decision. ” Yes” means that we accept that the structure of dependence
belongs to the considered family and ”No” that we reject the fitting.

We consider the data of ( ), which were also an-
alyzed by (1998), (1999),
( ) and ( ), among others. The data consist of the in-

demnity payment (LOSS) and the allocated loss adjustment expense (ALAE)
for 1466 general liability claims. The various authors who analyzed this data
set concluded that the Gumbel copula provides an adequate representation
of the underlying dependence structure. The Gumbel parametric family of
extreme-value copulas captures the fact that almost all large indemnity pay-
ments generate important adjustment expenses (e.g., investigation and legal
costs) while the effort invested in the treatment of a small claim is more
variable. Accordingly, the copula exhibits positive but asymmetric depen-
dence. Confirming this result, the adaptive method of estimation proposed
by ( ) provides a benchmark (see Figure 3) for the copula
density associated to the data.
We consider the following test problems:

H():CECA

where the parametrical family Cy is described in Table 1. Since the Kendall’s
tau computed with the sample is 7 = 0.31, we choose an adapted grid of
parameters for each parametrical family of copula densities. Next, assuming
that the density copula of the data belongs to a fixed parametric family, we
estimate the parameter A

e with A in inverting the Kendall’s tau (third part of Table 1 where
Hp:c=c3).

e with ) in minimizing the average square error (ASE) computed thanks
to the benchmark given in Figure 3 (fourth part of Table 1 where
Hy : ¢ = ¢5). For information, we give the relative ASE computed
with ¢ into brackets.

7 Discussion

The paper is mainly devoted to construct an optimal procedure for solving
a general nonparametric problem of test: both hypotheses are composite,
very general parametric family could be considered under the null. Our pro-
cedure is proved asymptotically to be adaptive minimax and the minimax
separating rate is exhibited over a range of Besov balls. Thanks to simula-
tions and an application to real data, our procedure seems to be competitive
on the power point of view even if the setting of test under consideration is
clearly parametric. The copula model requires much more regularity (than

18



the usual density model) since the approximation due to the rank-based
statistics needs to be accurate enough.

Another very interesting point is that we focus in this paper on copu-
las densities belonging to dense Besov spaces (i.e. defined with param-
eters p larger than 2). Nevertheless, it seems that several copula densi-
ties among those exhibiting strong dependence structure belongs to sparse
Besov spaces (i.e. defined with parameters p smaller than 2). Indeed, in
the simulation part, we emphasize that our procedure fails when the Clayton
copula with large parameters is concerned. In the white noise model and for
testing the existence of the signal, ( ) prove that
the minimax separating rate is not v, and that it is possible to built adaptive
minimax (non linear) procedures. The set of the copulas densities contains
great examples of sparse functions and we will explore new procedures in a
further work.

A very close problem is the sample comparison test (problem with two
samples). It could be interesting to test if the structure of dependence
between a couple of variables V; = (X,Y) is the same as the structure of an
other couple Vo = (Z,T). Here the problem of test becomes the following

Hy :cy, = ey, against Hi : (evy,en) € T(vp(7)),
with
[(vn) = {evi € by py,00(M1)} N {ev, € bsy py 00(Ma)}
N {(CV17CV2) : HCV1 - CVQH > ’Un.}

where v, is the separating rate of both hypotheses. In an analogous way
with the test statistic used in this paper, the rule for the comparison test is

D =1 —
0;r —t; 0
I?ea}(zk: ik —tj) >
where
X Y Z T
O = ———— 3 (¢k<&lﬁ%>—¢k<R“J%>>
Js - _ Js ’ J» ’
na(ng — 1) e ny ny ny Ny
11712

R}, R, R, R,
X Qsj,k ) _d)],k ) .
niy ni ni ni

RX,RY ,R? RT are the rank statistics associated to X,Y, Z,T. Using the
same tools as in ( ) where the homogeneity in
law of the both samples is studied, it is possible to prove that this test is
adaptive optimal and that the minimax separating rate is

—2(51/\82)/(4(81/\52)+2)
o
! < log(log(m)))
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Obviously, all these tests procedures could be used in the multivariate frame-
work but as usual in the nonparametric context, the rates of testing become
rapidly slow implying poor powers.

8 Proof of Theorem 3

Racall that for any given A € A, IPy (respectively IP.) denote the distribution
associated with density cy, respectively c¢. In the same spirit, denote also
IE\ and Var) (respectively IE. and Var.) the expectation and the variance
with respect to IPy, respectively to IP.. When no index appears in IF or in
IP it means that the underlying distribution is either IP. or IP,.

8.1 Expansion of the statistics of interest

Fix a level j in J. For the test problem, the statistic of interest f](/\) (for
A € A) is defined in (5) and is an estimator of

TN = 3 00 = (e — (V).
k k

which is the quantity that we need to detect under the alternative. It would
be useful to expand the statistic 7;(\) as follows

Tj(\) = 2T3(N) + T, + TP + 2T (\) + T5(V) (18)
=23 05N+ 0T D oM 2> o )+ D060
k k k k k
where
1
Q
ej,k - TLQ(TLQ — 1) Z (¢j7k(F(Xi1)> G(Y; )) C],k)
11,i2€Lo
117102

1
o - - < .
T na(nz —1) n%;zz

11710
X <¢j,k <Ri2 Sy

by (F(Xi). GV, >>>

ny’ nq
1 R;, S;
B0 = iy S (e () e ron.ci)
117102

X (@ik (F(Xiy), G(Ya)) = ¢jk(N))

) = 3 @) GY) ~ i) (e — ciaV)
1€y
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The sequence {c;1};, denotes the unknown scaling coefficients of the un-
known copula density c. Recall that

;0 =000
k

with
_— 1
0jk(N) = ”2(”2_1)1'1;12 (051 (F(Xiy),G(Yi,)) — ¢jk(N))
i1#i2
x (95 (F(Xi,), G(Yiy)) — ¢ji(N) -

The following lemma gives some evaluation for the first moments of each
statistic of interest.

Lemma 1. Let q be a positive integer and assume that ¢ is continuously
q—differentiable. Let j be a level smaller than joo defined in (14). Then, it
exists some positive constant k which may depend on ¢, ||c|loo, ||calloo and
M such that

Ef() = T\ and vf(A)s((i)%i) TM))

log(n1)
ni

IN

K

[y
BT

ny nany

/
EIT*N)| < ® (log(nl)m))” and B\(TF(V)* < w2/ (lg(w)

Using the Bernstein Inequality, we establish the following bound for the
deviation of the statistic T;?()\) under the alternative. The proof is postponed
to Appendix B.

Lemma 2. For any level j, for all z > 0
n3z?

22T () + now2iT;(\)1/2 )>

P. (1T > 2) < exp (—K(

where K is a positive constant depending on L, ||¢|ls and ||c||co-

Using a result from (2000), we establish the following bound
for the deviation of the U-statistics T};(\) and Tj@. The proof is postponed
to Appendix C.

Lemma 3. For any level j, as soon as x > 27 n2_1 log(log(nsg)), for all
p >0,

Py (IO > pz) + P (1T > pe) < Kyllog(ne)) ™
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for any positive § < ,u2(KgK1)*1, where Ky is an universal positive con-
stant given in ( ) and K is a positive constant depending on
L, ||¢|ls and either ||cx]loo o ||¢|loc depending on the underlying distribution
i.e. either IPy or IP..

8.2 Proof of Relation (16) (First type error)
Let us fix A € A and set

=P £ TN —t; .
PA A(@ﬁf[;gA 5(\) %}3>0)

Notice that under the null
T9(A) = Tj(A) = 0 and T;% = Tj()).
Using the expansion (18), we get

py < ZZPA<1nfT )>tj>

jedJ

Z]PA (fj()\) > tj)

jedJ

(e o7-4) 5 )

JjE€J

IA

IN

Due to Lemma 1 and using Markov Inequality, we obtain

. 2 E\TH  E\(TH0)?
P < ;P)\ <’1}(A)|>3>+JZ€;]{ (t]/?)) + (tj/3)2 }
~ t]
P (B> %)
110%( D 4 (32 (2 los(m)
A (SR

Note that f]()\) is centered under [Py, then applying Lemma 3, where t;

is t; = 3u 27 ny '/log(log(na)), the constant p is defined in (15) and since
card(J) <log(nz), one obtains

py < Kycard(J) (log(ng))™° + Kcard(J)277 < nylog(n) )
log log(ng)

+Kcard(J)27% log(n1)nj
nani+/loglog(ns)

< Ky(log(n))' ™0 + K270 (bg(m)log(m)) |
log log(n2)
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where the last inequality holds since d satisfies 6 < p?(2K,K;)™! (see
Lemma 3). Since p is such that g > /2K,Ky, relation (16) is proved if
one takes § = p?(2K K1)~ 1.

8.3 Proof of Relation (17) (Second type error)
Let us fix 7 € S and ¢ € I'(Av,,-1(7)) and set

= inf T;(\) —t; <0 .
pe= . (e B0 — 15 <)
Using the expansion (18), we get, for any j* € J
pe < IP. <i&1f {21“;1@) +T;(N) + T + T8 + 21;':@)} < tj*)
< IP. <ir§f {2T5.(N) + T5(N) ) < 2tj*>

Q? .
+1P, <Tj +TH + 2inf {Tf:(A)} > tj*>

IN

P <iI)\1f {215 (\) + T3 (V) } < 2t]-*> + IP, (ij > tj*/B)

+IP, (T;E >t /3) + P, <11A1f {Tf:(A)} >t /6)
= pa (") +pea(*) + pes(5*) + pea(5°)- (19)

Let us explain how j* is chosen. From the wavelet expansion (1) and Lemma
1, one has

BT () = T3 = (e~ ) = By- (W),

where T)j», Bj are defined in (2) and ¢} is the critical value given in (15).
Since ¢ is in I'(Av,,-1(7)) and cy lies in by py 00(Ma) C bspoo(M), the
function (¢ — ¢y) is in by p oo (M). We can choose j* such that

1/(2s+1)
Y — 5#
3 y/log log(ns) ’

which is possible due to our choice of jo, and because s > 1/2. It implies
that Bj« < tj= since Bjx < K272"% (see Inequality (3)). Next, since ¢ €
I'(Av,,;-1(7)), one has [(e—cn)? > 142(1)7%71(7'))2 for all A € A. Focusing
on rates vnt;1(s) combined with positive constant A which satisfy 4t~ <
(Av,,—1 (5))2, one obtains

L — = L < 13, (20)



Coming back to the evaluation of the probability terms. First, by (20) and
applying Lemma 2, we get

Pa(i*) < D IP(2T5.(N) + Ty (N) < 2t5)
AEA

< Y P (T < T3 (1)/6)

AEA
5 ((52) T A 2T 02)

IA
g
@

5

AEA
ng \ 2 ny 1/2
< Som[one ()0 207
AEA
) 1/2
< Zexp [—K <n22_1°° loglog(ng)) ] (21)

which is tending to zero as soon as card(A) = o (exp [n2log(nsg) log log(ng)]1/4)
which is ensured by assumption ASup.

Now, it remains to verify that pea(5*),pe3(5*) and pea(j*) are going to
zero as n1 A ng goes to infinity. Using again the bound (20), Lemma 3 for
some positive d, Lemma 1 and the definition of the critical value (15), one
gets

pc2(j*) + pCS(j*) + pc4(j*)

< P (T > t5:/3) + +1P (TR > t52/3) + card(A) P (TE(N) > 1 /6)

J
5 o TR IE.|T#|
< Ky(log(n2)) ™" +3 tﬂf +eard(A) 6 2
J* j*
27" ] 1
< Ky(log(n2)) ™ + 3“O;g(21) + card(A) 6,@M
n1n2 t]* nl tj*
- _ixng  log(ny)
< K, (log(n O 4 6k card(A) [ 277 22 o) 7 99
= fyflos(ra) (4) < n1 y/log log(ns2) (22)

which tends to zero with our choice of j* as soon as card(A) = o(n;/@s“))

and where k is the positive constant appearing in Lemma 1. Inequalities
(21) and (22) entail that the right hand side of (19) is less than any a € (0,1)
as n is large enough. To finish the proof, observe that the choice of v, ;-1 (s)
is driven by the fact that it corresponds to the smallest sequence such that
4t < (Avm#(s))Q, which leads to

1/2 2s/(4s+2)
o () > (2 dellosne) ) oo e
A a ng - log log(n2) '
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9 Proof of Theorem 2

Without loss of generality, we suppose that the support of the scaling func-
tion ¢ and its associated wavelet function v is [0, 1]. Moreover assume that
fol 1€ = 0. Let us give some a > 0 which must be small enough.

9.1 Discretisation of S
For any given 7 = (s,p, M) € S, denote the level j(7) by
2j(7) _ (nt;l)Q/(4S+2)

and define s; the solution of the equation j = j(s;,p, M) for any resolution
level j € J = {jsmax: - - - ’jsmin} C {Joy .-+, Joo} With

jsmax = U(Smax, b, M)J and jsmin = I_j(sminapa M)J .
Consider now the set S, = {7; = (s;,p, M),j € J} which appears as a
discretisation version of a subset of S whose cardinality is of order O(log(n)).
9.2 Prior and parametric family included in the alternatives

For any s; € S, define a prior 7; which is concentrated on the class of the
random functions

cj(u,v) = ey, (u,v —i—Zdeuj n)Y; (u,v),

k e=1
where c), is defined in assumption AInfl and

2(sj+1)

P(6p=1)=P(r=-1)=1/2 and w;(n)=CiM(nt,') i+

for Cy such that 3M2C? = 2a%. Let j be any index in J. Since Jv =0
and when a is small enough (to guarantee that ¢; > 0), ¢; is a density. Easy
calculations imply that

”Cj - C/\0H2 M201 (v Unt 1(Tj))2 > a’ (Unt;I)Q'

Moreover, if a is small enough, we have 3 C¥ < 1 and

97 (sj+1=2/p)p Z Z | /Cﬂb;k!p — 9i(sj+1=2/p)p Z Z |uj(n)[P
k€ k€
— 3CTMP < MP,
implying that c; € bs; p oo (M). Denote A;,(a) the set of densities

{c € bs; poo(M): irich —al? > a2(vnt;1(7'j))2}.



and consider the variation between both distributions Py, and IPr

dIP
Var(IPy,, IPy) = /‘dﬂ:’f — 1‘0111%,
0)

where

dIPr
dlp)\o N Zdlp,\ N Z Tr] C)\
Jjed jed

Assuming that the following assertion holds

lim inf 7wj(c € Ajn(a)) =1, (23)

n—00 jc j

we deduce that the left hand side (LH.S) of relation (13) without the limit
is bounded from below by

LHS > IP\,(D,=1)+ sup sup IP.(D,=0)
5;E€Sn c€EA;j n(a)

> 1—=Var(Py,, IP)(1+ o,(1)),

as n large enough. Since the supports of the functions ¢; and ¢;- are disjoint
for j # 4/, one has

2

1 1 c; (Ui, Vi)

L=Var(Py, Pn) > 1- 5+ (/HC; TR d?fj(Cj)) -1

]GJ 0 (3] Z
> 1—o0,(1)

V

provided that

2
C U’L7‘/Z
nlLH;o*ZEAo (/chjo (U Vi) de(Cj)) =0. (24)

]GJ

Relation (13) is thus proved if (23) and (24) are satisfied. The remaining
proofs are given in the sequel.

9.3 Proof of Relation (23)
Let A’ be a subsect of A. We have

j </{I€1£ lle; — c,\||2 < a2(vnt;1(Tj))2> < 7 ( inf |l¢; — c/\||2 <a (v —1(7'j))2>

AEA/N

b (Jnd s = eal? < 0¥0,0()?) (25)
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Consider the particular subset A’ defined by
N={NeA: |, —arl* < 6C’2M2( _1(7']))2}.

Note that
A€EA/N = ey — CjH2 > a2(vnt;1(7—j))2

due to the choice of C;. It implies that the first term in the right hand side
of (25) is null and then, it remains to prove that

lim ; (;Q,ﬁ, le; —eall® < GQ(Umnl(Tj))2> = 0. (26)

n—oo

Since X in A/, we get

”C/\_CJ'H% = ||CA0_C/\|| ‘1‘22% +QZZ5/€UJ Bjkaxo

> 301 M2 (U — T] + 2 Z (5ku] Z Bj,k,)\,)\()a

where

Bj’k"Az)‘O = /wj,k(c)\O - C)\)'
Therefore assertion (26) is equivalent to
2 2
lim (;gfﬂz%uy Bjian < —a*(v,1(75)) ) =0.

or
lim 7 <§u}\) 2 E —0)u;(n)Bj kg = a2<vntnl(Tj))2> =0.
n—oo = /

Finally, relation (26) is proved due to assumption AInf2 and applying Bern-
stein inequality to

(22 (=6k)uj () Bjkane = a* (v, (Tg))2>,

with i.i.d. centered random variables Zj = —0;B; ;1 ),- In particular, note
that |Zy| < Kyv,,-1(7;) and >, Var(Zy) < KQ(’Untgl(Tj))2, where K; and
K> are positive constants.
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9.4 Proof of Relation (24)

Set
ci(Ui, Vi)
/ H oY) s (ey).
CAO U’L7 V;
Due to the fact that the functions 1/16 & have disjoint support, it is possible
to rewrite c; as follows

Cj = C)g H(l + 5ij,k)

k
for
Dir— VLY
gk uj(")zejc/\o
Then,
e = [T [ 110+ 803U Vi) 30)
k =1
1[4 -
- HQ{H (1+ D (U, V7)) + H(l—Dj,k(UzvVi))}v
k i=1 =1
and

B~ =

11
k i=1

i (Dj’ka]i’ V) <D?fk(Ut’ %))té{l i1yt 1, n}> } 7

where b; is either 0 or 2. Due to the independence of the data and acting as
in ( ), it can be shown that

{2f[ [1+ D3, (U, Vi)] + 2f[ [1 - D2,(Ui,Vi)]
=1

B [H (Dj’k(Ui’V;)’ <D?vt’“(Ut’Vt))te{1 i1t n})] -

Therefore,
B[l (U V)] < TTH0+ B D3 (U V)" + (1= By, D35, (Ui, Vi) " }

<[] cosh (niEx, D3, (Ui, V7)) .
K
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Using the inequality log(cosh(u)) < Ku? where K is a fixed constant and
since ¢y, is bounded from below by m, one obtains

N2 Zexp log(Eyylnr)?) < N2 Zexp {Kn Z (]E)\ODJQ-’,C(UZ-,V;))Q}

jGJ ]GJ k
< e {0
jeJ
< log(n)"

log(n)(1 + 0,(1))’

where k = K(3C2M?)?>m~2 = 4Ka*m~2. Choosing a small enough and
k < 1, Relation (24) is then proved.

10 Appendix A: Proof of Lemma 1

In this part, x denotes any positive constant which may depend on ¢, M
and on [|c]|, [[exl]-
10.1 Notations and Preliminaries

Let us define or recall some notations that will be used below. For any
ke 72, set

(X0 YD) = 0y (P(X),GY)) = 0y (F(X), G(Yy)

V(XY = ¢a(F(X:), G(YD) — (M)
wie(Xi Vi) = ¢k(F(X0), G(Yi)) — ¢jk

/N

where 7 is in Zs. First, the localization property of the scaling function
implies that only few & (X}, Y;) will be used since the others are zero. Indeed,
one has the following result

Lemma 4. For any k € %>, let us denote
N; = card {i€Zy;&(X;,Y;) #0}.

Let 6 > 0. For any level j such that

3W <10grz§"b2) > N ’

one has

P(N; > 2(2L + 3)n2277)) < K(ny° +n3?).
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We refer to ( ) for the proof of this lemma since a
similar result is established with an estimate F built on the whole sam-
ple: it guarantees in particular that F (X(in)) = i/n, where X(;.,,) denotes
the i—th (among n) order statistic. In our case, the situation is different
since F (X(iny)) 1s based on the observations lying in the subsample whose
indices are in Z; whereas it is calculated in an observation lying in the
subsample whose indices are in Z, ; nevertheless, applying the Dvoretsky—
Kiefer-Wolfovitz Inequality, the following deviation inequality holds. For

any € >0, Pr =P (‘ﬁ(X(i:nz)) —

) is bounded from above by

Pr < P(|P(Xiiny) = F(Xiny)| 2 €) + P (| F(X(in) = F(X(in)| 2 €)
P (Hﬁ —Flle > e) +P (||ﬁ Pl > e)

< K (n;5 T n;5) :

N

IN

as soon as we take € = \/dlog(ny)/(2n1) V \/dlog(na)/(2ns). Here F repre-
sents the empirical margin computed with the subsample whose indices in
7; and F, the empirical margin computed with the subsample whose indices
in IQ.

10.1.1 Study of T;()\)
Rewrite 0/j\k()\) in fj()\) =>4 0/j\k()\) as follows

— 1

0ix(\) = —— X, Y, Xy, Yi,).

Lk() na(ng — 1) il;@ k(X ) ( ia» Yiy)
i140

For all ¢ € 7y, one has ]E( (X3, Yi)) = ¢k — ¢ k(A), which implies that
[;(A) = me =T;(\).
k
Mogver fgr p # k, one obtains
IE(0;,1(N)0;,p(N))
1
= e —1))2 Z E [w;\,k(XiuYiJ] E [w;'\,p(XiS’Y%)} E [w;\,k(Xizvyiz)} E [w;\,p(Xi47K4)]

71 2
(na(n2 —1))* |

+4m Z E |:wj>'\7k(X7;17}/il )] E [w]%\,p(Xiina)} E {w;\,k(Xizvn’z)w])},p(Xiinz)}
i1 AigAig

+2MI§ZE[%,C(X”,Y Yy (Xiy, Vi, )} E[w]k(xmy Yy (Xi, Vi )}

O30 N5 + o (e = ) 5 = i) | [ (93~ [ 03000) (03 = [ 050) ]
2
g | (o fonser) (0= fones)
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which implies that

E(Z H/JE(A>>2 - (EZ @(A))Q

772 % ik = ¢ik(N) (¢ip — cip(N)) U (%k - / ¢j,kcx) (qu,p - /%,pCA) C}
+"2(n2 -1 4 U ((m _/%kcA) ((ﬁ”’ /(’b”'C*) } '

Applying the Holder 1nequahty and the consequence of the Parseval Equal-
ity, we get

)3 { / (qzsj,k -/ qu,m) <¢j,p— / asj,pcx) cr
# (Bl ssglfone foud (5[] ) )
2 (5[] w2 fet [ (f)) <nem

We conclude that

Var(T;(\))

IN

IN

IA

1/2
~ . 22j
Var(T(V) < YICHEY by 2
no > na(ng — 1)
27 227
< iy} T
- “(ﬁw )

which is the announced result for T\J()\)

10.1.2  Study of 7* and T%*())
Let us denote

io= [6(Xi, Y], Di1:Z(E[Ek<Xi17 )§p< i1 )])2

k,p

Bi1,i2 = Z[Ek(lev )gk( 25 ] Z1 12 §k< i1 )gp( 29 )

k

A

We need the following results which are stated in the lemma below

Lemma 5. Assume that the scaling function is q-differentiable. For any
level j < joo, there exists some positive constant k depending on ¢, its

deriatives and on ||c||oo (which might be ||c)||oo for some A € A) such that
for any distinct indices i1,12, one obtains

Bl < « (1"%(”1))1/2 (27)

ny
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el 1
BByl < s (g(”)) zErch,iQ\sﬁ(og(””) (28)
ny n
2
i1 > n

We prove Relation (27) in the next section, Relations (28) are proven in
( ). We have

1
L I o
BI} = 7y 2. BlBuwl
i1,i2€7o
i1744n
Using Lemma 4 and Lemma 5, it follows
E|Tj‘| < 1 (n22_j)2 92j <log(n1)> < (log(n1)> ‘
nz(nz — 1) ni niy
Moreover, we get
1—;‘()‘) = n2 — 1 Z Z [gk Xl1’1/;1 ]k(Xle ):| :
Z1 i9€ls k
i1
By Holder Inequality and from lemmas 4 and 5, one obtains
1 na 1/2
BTN < s D DD B(A)? D (Bwj(Xi, Yi))® |
na(ng — 1) 4
Zl,leIz k k
11712

Remembering that ]Ewﬁk(Xiz,Ygz) = (¢jx — ¢j k(X)) for any index iy, we get

) og(n 1/2
BT*(\)| < nz(ni_l)(mg—a)m [2%1%”(11)13@)}
< K (log(m) T]()\)) 1/2.
n

Let us study the moments of Tf'()\) under [P). Since ZEij.:k(XZ-, Y;) =0 for
any k and i, we obviously have IE\T f"()\) =0 and

1 2
& 2 _ I .
E/\(Tj ()‘)) - <n2 n2 1 ) E Tu,zz <n2 n2 — 1)> E : SZ1,Z2,137

i1#i2 i1#£i2713

where

T = 3 (B [66(Xis, i )& (Koo i)l By [(Xi, Vi )y (Xios Vi) )

Sivisis = D (I 60(Xiy, Yi )Xy, Yia)) B [} (X, Vi )y (X, Vi) )
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By Holder Inequality, we have

11 i2 ZE/\ gk 117)/;1)512( 119 )] E)\ |: (X127Y ) (XZ27Y )
1/2

2
< D7211/2 Z (EA [wg\,k(Xiz)Yiz)wj\,p(Xizv YZz)])
k,p

With Parseval Equality, we get

> (JEA [“%(Xiw Vi) (Xia Y”)DQ

k,p

IN

2
E ﬁ., (Z)', C >

K [oud < w0,
k

IN

which combining with Lemma 5, implies that

9\ 1/2
T < K (263’ (bg(m)) ) (220)1/2 < gt (mgml))
ni ny

In the same way,
1/2 1/2

Siryinis < K Z(]EACZ'M2)2 Z (E)‘[ £ (Xia Vi ) o (Xiz: Yoo )})2

k,p k,p

o2 (o (1ogm) )2\ _ L (log(n)
%) <2<)> <o (P,

JFrom Lemma 4, one has

IN

IE>\(T;"()‘))2 < K;(n227j)n224j <1Og(nl))

n3(ng —1)2 ny
1 _ - (log(ny)
K 277)%ny2%
i n%(n2—1)2(n2 ) ( n1
< K9 <log(n1)>
namni

10.2 Proof of Lemma 5

The following expansion is crucial because it allows to reduce the study to
univariate variables.

§e(Xi, Y5) = &y (Xi)Eky (Y2) (29)
FEy (Xi) Dy (G(Y5)) + &y (Ya) iy (F(X3))

33



where the univariate statistics &, (X;) and &, (Y;) are defined as follows

e (X)) = Ojm <F(Xi)> — ¢k (F(X3))

Gﬁ”)—@h«%n»

gkz (}/Z) = gbj,k:z

Assuming that ¢ is continuously g—differentiable, we get
2161 (XZ) + wlﬁ (XZ)’

é-kl(Xl) =
where
I = ¢ |
2 (Xi) = T(F(XZ) — F(X3))" ;5 (F(X3))
=1
and
- P
i (6) = 20 [0 (o) (PO - 0.
F(X5)

A direct application of the Dvoretsky, Kiefer and Wolfovitz inequality leads

to the following bound
P(|F = Flloo > €) < K exp(—2m1€%) < Knj?,

as soon as € = /0.5 dlog(n1)/n1. In the sequel, we take such an e with &
large enough. Since j < jso Where j is defined in (14), observe that 27¢ < 1

and then we get
o (X)) < K2 max (03, (F(X)|(1+op(1))
g, (X3)| < K 200FY/Diei(1 4 0p(1))
which leads to the following bound
6 (X)) < K ( 20T e max (94, (F(Xi))|) (1+0p(1)).
The same kind of result obviously holds for &, (Y;). In the sequel, we need
the following evaluations (which also hold for any derivatives of ¢). Using

expansion (29), we get

&(X3,Y:) = Si1+ 5,
where
Sl = £k1(Xl)£k2(Y;)a
Sy = & (Xi)djks (G(Y3)) + &ky (Yi)Pjky (F(X5))
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Using (30), we get

ES| < K (2(2q+1)162q 1 ola+D)jatl 2%2) 7
E|Sy| < K (29el+¢).

If 20 < (n1/log(ny))/?=1/%4, we obtain IE|¢,(X;,Y;)| < € which ends the
proof.
11 Appendix B : Proof of Lemma 2

Applying Bernstein inequality leads to prove Lemma 2

( n3z?/2 )
22T (N) + nox2iT;(N)1/2/3

P. (T30 > 2) < exp—
provided that 777 (\) = ny - > iz, Zi where

Zi = Y (¢p(F(X:),G(Y:)) = ejn) (e — ejp(N)

k
E.Z; = 0,
1/2
Z;| < (Z bjn(F (Yz‘))—Cjk)QZ(Cjk—Cjk(/\))2>
k k
< ( )1 < K9T;(\)'2,
Ve(Zi) < ZE ¢k (F(Xi), G(Y2)) — cji) (95p(F(Xi), G(Y3)) — ¢jp)
x (cjr — cjk(N)) (cjp — ¢jp(A))
1/2
< (ZE (¢jr(F(Xi),G(Y7)) — Cgk)(¢jp(F(Xi)7G(E))ij))

X E Cjk — Cjk
k

< K (29 (212j2*23')2)1/2Tj(A) < K29T5(N),

where K is some positive constant depending on L, ||¢||c and ||¢||so-

12 Appendix C: Proof of Lemma 3

12.1 U-Statistic
Let us first recall the result of ( ).



Proposition 1. (THEOREM 3.3 p. 21 ( )

It exists an universal positive constant Ky, < oo such that, if Q is a bounded
canonical kernel of two variables for the i.i.d. Z;,,Z;,, i1, ia € {1,...,7n},
where n € IN, for any x > 0, we have

1 . T4 o s \2/3 sx\1/2
P |ZQ 7/17 | > SngXp (_Kg mln{CQ,D,(B) ,(Z) }),
Z1712
where

A = 90 ), B =7 [IBIQ*(Z1, oo + [ BR2(, Z2)l|oo]
C* = RE(Q(Z1, Z2))%)

and

D = sup {IE[Q(Z1, Z2) (Z1)Qa(Z)) : EIQF(Z1)] < 1; E[Q3(Z)] < 1}.
Q1,02

We apply this proposition for Z; = (F(X;), G(Y;)), 7 = ng and the kernel

Q:(Ziy, Z Z {0jk (Ziy) — Eeljk (Zi)]} < {djn (Ziy) — Eeldjn (Ziy)]}

which is considered under the distribution IP; where ¢ is either ¢y or ¢. The
quantities A, B, C' and D are evaluated in the following lemma which is
proved in the next section.

Lemma 6. There exists some positive constant Ky larger than either

(12L7]16[1%,) V 2llélleo) V (2L219112%) V (4llEllco(Iello + 3LY|113,)))
such that
A< K129, B2 < K1ny2%, C* < K1n32%, D < K ny,

where ¢ is either ¢ or c.

Again define ¢ as ¢y or ¢, then applying both the result of

( ) and Lemma 6, for any level j and any z > 27 ((na—1)n2)~/2,/log(log(ns)),
it immediately follows that
IP; Z Oz (Ziy, Ziy) | > px | < Kgexp (=0 log(log(nz))) -
i1,i2€Z2
11712

which ends the proof of Lemma 3
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12.2 Proof of Lemma 6

Let us denote (U,V) = (F(X),G(Y)) any pair of random variables whose
marginal distribution are both uniform on [0, 1]. Denote ¢ the copula density
which is ¢y or ¢; in the same spirit, the coefficients ¢; ;, stand for ¢; () or
cj k- Recall that

GV = By [6(F(X),G(V))] = / ex(1t,0) 3 (w, v)dudo.
cin = Elou(FX),GY))] = / c(ut, )3 (11, v)dudv.

Note that
kZlEa[@,k(Uh,mlm,p(wl,wl)} < 2%,
»
Y (EelojnUV)))? = Y &, <[l <M.
We get k k
A = HZ(qu,k(ul,vl)—JEa[qﬁj,k(U, VD) (1(u2, v2) = e[ 5 (U, V)]) [loo
< HZm ut, v1)$; k(ug, v2)| oo +2HZ¢M ut, v1) B 61U, V)]llos

+HZ 07k (U VID? oo

< 1 22JH¢H§O + 212 dlocllél]22” + [lell3 < K2,
where K > 2L2||¢||% and

B = 2ny Z IE; [(¢j,k(Ui17 Vi) — Eﬁ[¢j,k(U) V)]) (¢j,p(Ui1’ Vi) — Eé[d)jm(U) V)])]
k.p

X (¢ (u2,v2) — Ea[dj i (U, V)]) (¢5p(uz, v2) — Eeldjp(U, VDI o

< o ‘ Diaint— [ 3nc [ 630 (D32, 02) — Faly (U, V)
kZJ)/ J J,P / J / 7P J J
x (¢ p(uz,v2) — e[ (U, V)]l o
< 2n2(2[|¢]0) { > dinlug, va)dip(ug, 20)||  +2(D bjr(ua, va) Beldj (U, V)]
k,p 00 k.p 0
+ (1D Bl (U, V)| el (U, V)] ]
k,p oo
< (4naléllse) (27 LU2]| I3, + 2L°27|[@]lo + 2% [|E]l0c) < K 2%
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where K > 4||¢]|o0 (||€]loo + 3L*||0]|%,). Moreover,
C* = 03> Fel(9x(Us, Vi) = el (U V) (6p(Uiy, Vir) — el p(U, V)])]

k,p
Iz [(051(Uiy, Viy) — el 1 (U, V) (6 p(Uiss Viy) — e[ p(U, V)])]

- Z (034 Ui, Vi )01p Uiy, Vi)] = e [66(U, V)] Iz [65,(U, V)))?
- n%Z( [oustine— [ o | ¢j,pé>2

(o) oo (5 (f o))

< nzg/gsakmna(/ez)

< llellZn32? +n3llel; < K n32*,

IN

where K > 2||¢||%,. Denote uq, o, = IFE:[Q:(Z1, Z2)01.6(Z1)Q2,:(Z5)] and for
1 =1, 2, put

cilh) = [ (630~ B3 (UV))Siet
By Holder Inequality, we get

uQ Q= Zk: (/(%’,k — Fegj (U, V) ¢ 5) (/(¢j,k — E:; (U, V) 5>
\/Dq(k»? S (ealk))2.
k k

Applying again the inequality of Holder to Y, (c1(k))? (the same occurs for
co(k)), one gets

Z(Cl(k))2 < Z(/(¢j,k C¢_]k‘(U V))QlcC]I[kl oN— 1+k1}>< kg 2N— 1+k2])2
k

IN

& 27"’ 27 27’ 27
< Y ( / (6 — atj i (U, v>)25> X
k
2
</(QLE) ]I[Zal 2= 21]+k1]><[2] 2= 21]+k2] >
< ||5Hoo/ Qlc CZ]I 1;]1_72L 1+k1] [k2 2L 21]+k2]
< 12/¢)|3,L? (30)

since IF=(Q12(U))?) < 1. It follows that D < K ng, where K > 12L2||¢||% .

38



References

Autin, F., Le Pennec, E., and Tribouley, K. (2008). Thresholding meth-
ods to estimate the copula density.  Submitted available online at
http://www.cmi.univ-mrs.fr/~autin/DONNEES/COPULAS.

Butucea, C. and Tribouley, K. (2006). Nonparametric homogeneity tests. J.
Statist. Plann. Inference, 136:597—639.

Chen, X. and Fan, Y. (2005). Pseudo-likelihood ratio tests for semiparamet-
ric multivariate copula model selection. Canad. J. Statist., 33:389—-414.

Deheuvels, P. (1979). La fonction de dépendance empirique et ses proprié-
tés: Un test non paramétrique d’indépendance. Acad. Royal Bel., Bull.
Class. Sci., 5 série, 65:274-292.

Deheuvels, P. (1981a). A kolmogorov-smirnov type test for independence
and multivariate samples. Rev. Roum. Math. Pures et Appl.,, 2:213-226.

Deheuvels, P. (1981b). A nonparametric test of independence. Publications
de 'ISUP,, 26:29-50.

Donoho, D. and Johnstone, 1. (1994a). Ideal spatial adaptation via wavelet
shrinkage. Biometrika, 81:425-455.

Donoho, D. and Johnstone, I. (1994b). Minimax risk for [, losses over [,-
balls. Probab. Th. Rel. Fields, 99:277-303.

Fermanian, J.-D. (2005). Goodness-of-fit tests for copulas. J. Multivariate
Anal., 95:119-152.

Frees, E. W. and Valdez, E. A. (1998). Understanding relationships using
copulas. N. Am. Actuar. J., 2:1-25.

Gayraud, G. and Pouet, C. (2005). Adaptive minimax testing in the discrete
regression scheme. Probab. Th. Rel. Fields, 4:531-558.

Genest, C., Ghoudi, K., and Rivest, L.-P. (1998). Comment on “Under-
standing relationships using copulas,” by Edward w. Frees and Emiliano
a. Valdez, January 1998. N. Am. Actuar. J., 2:143-149.

Genest, C., Masiello, E., and Tribouley, K. (2008a). Estimating copula
densities through wavelets.

Genest, C., Quessy, J.-F., and Rémillard, B. (2006). Goodness-of-fit proce-
dures for copula models based on the integral probability transformation.
Scand. J. Statist., 33:337-366.

39



Genest, C., Rémillard, B., and Beaudoin, D. (2008b). Goodness-of-fit tests
for copulas: A review and a power study. Insurance Math. Econom., page
in press.

Giné, E., Latala, R., and Zinn, J. (2000). Exponential and moment in-
equalities for u-statistics. High Dimensional Probability II-Progress in
Probability, 47:13-38.

Ingster, Y. (1982). On minimax nonparametric detection of a signal in
gaussian white noise. Probl. Inf. Trans., 18:61-73.

Ingster, Y. (1993). Asymptotically minimax hypothesis testing for nonpara-
metric alternatives, i, ii, iii. Math. Methods Stat., 2:85-114; 171-189;
249-268.

Ingster, Y. (2000). Adaptive chi-square tests. J. Math. Sciences, 99:1110—
1120.

Ingster, Y. and Suslina, 1. (2002). Nonparametric Goodness-of-Fit Testing
Under Gaussian Models, volume 169.

Kerkyacharian, G. and Picard, D. (2004). Regression in random design and
warped wavelets. Bernoulli, 6:1053—-1105.

Klugman, S. and Parsa, R. (1999). Fitting bivariate loss distributions with
copulas. Insurance Math. Econom., 24:139-148.

Lepskii, O. and Spokoiny, V. (1999). Minimax nonparametric hypothesis
testing: the case of inhomogeneous alternative. Bernoulli, 5:333—-358.

Pouet, C. (2000). Tests minimax non-paramétriques : hypothese nulle com-
posite et constantes exactes. These.

Sklar, A. (1959). Fonctions de répartition a n dimensions et leurs marges.
Publ. Inst. Statist. Univ. Paris, 8:229-231.

Spokoiny, V. (1996). Adaptive hypothesis testing using wavelets. Ann. Stat.,
24:2477-2498.

Spokoiny, V. (1998). Adaptive ans spacially adaptive testing of a nonpara-
metric hypothesis. Math. Methods Stat., 7:245-273.

40



Family  parameter grid Cardinal &  Decision
Gumbel 1.05:0.1:1.95 10 0.00 Yes
Gaussian  0.0:0.1:0.9 10 0.04 Yes
Clayton 0.5:0.1:1.4 10 0.42 Yes
Frank 1.5:0.5:6.0 10 1.00 No
Gumbel 1.0:0.05:1.95 20 0.00 Yes
Gaussian 0.0 : 0.05: 0.95 20 0.00 Yes
Clayton 0.5:0.05:1.45 20 0.54 No
Frank 1.25:0.25:6.0 20 1.00 No
Gumbel 1.45 1 0.10 Yes
Gaussien 0.48 1 0.12 Yes
Clayton 0.92 1 0.86 No
Frank 3.20 1 1.00 No
Gumbel  1.36 (1.07%) 1 0.02 Yes
Gaussien  0.45 (3.27%) 1 0.08 Yes
Clayton  0.41 (13.15%) 1 0.62 No
Frank 2.88 (3.93%) 1 1.00 No

Table 1: Empirical probability & to reject the fit to a fixed parametrical
family given in the first column and Decision at the prescribed level o =

5%. Multivariate null hypotheses (first and second part); Hy

where ) is obtained by inversion of the empirical Kendall’s tau (third part);
Hy : ¢ = c;, where ) is obtained by minimizing the ASE quantity which is

given into brackets (fourth part).
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Data Clayton
A=0.6,7=0.23

Data Gumbel
A=1.57=0.33

Data Gaussian
A=04,7=0.26

Data Frank
A=257=0.25

Ao 0 &

Ao 0 &

Ao 0 &

Ao T0 «a

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.80
0.85
0.90
0.95
1.00
1.05
1.10
1.15
1.20
1.25
1.30
1.35

0.02
0.04
0.07
0.09
0.11
0.13
0.14
0.16
0.18
0.20
0.28
0.29
0.31
0.32
0.33
0.34
0.35
0.36
0.37
0.38
0.39
0.40

1.00
0.96
0.98
0.76
0.54
0.20
0.16
0.06
0.00
0.00
0.00
0.06
0.10
0.20
0.38
0.50
0.66
0.78
0.88
0.96
0.96
1.00

Table 2: Empirical power & for the test of Hy

1.05
1.10
1.15
1.20
1.25
1.30
1.35
1.40
1.45
1.50
1.55
1.60
1.65
1.70
1.75
1.80
1.85
1.90
1.95
2.00
2.05
2.10

0.04
0.09
0.13
0.16
0.20
0.23
0.25
0.28
0.31
0.33
0.35
0.37
0.39
0.41
0.42
0.44
0.45
0.47
0.48
0.50
0.51
0.52

1.00
1.00
1.00
0.94
0.68
0.22
0.08
0.00
0.00
0.00
0.00
0.00
0.04
0.16
0.26
0.58
0.72
0.88
0.98
0.98
1.00
1.00

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70

0.03
0.06
0.09
0.12
0.16
0.19
0.22
0.26
0.29
0.33
0.37
0.40
0.45
0.49

1.00
0.98
0.92
0.62
0.22
0.00
0.00
0.00
0.00
0.02
0.36
0.86
1.00
1.00

: ¢ =c), against Hy :

0.50
1.00
1.50
2.00
2.50
3.00
3.50
4.00
4.50

0.06
0.10
0.14
0.22
0.25
0.30
0.35
0.38
0.41

0.98
0.86
0.32
0.00
0.00
0.00
0.20
0.58
1.00

C = C)

(A is given in the first line); ¢y, and ¢\ belong to the same parametrical
family; n = 1024; prescribed level 5%; 7 and 7y are the Kendall’s tau.
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Data Student (4) Data Gumbel Data Gaussian Data Frank
A=095,7=079 AN=4,7=075 A=-09,7=-071 A=14,7=0.75
Ao T0 Q Ao 0 Q& Ao T0 «a Ao 0 Q&
0.90 0.71 0.48 | 2.50 0.60 1.00 | -0.95 -0.79 0.98 | 850 0.62 1.00
091 0.73 0.18 | 2.60 0.61 098 |-0.90 -0.71 0.00 | 9.00 0.63 0.94
092 0.74 0.04 | 2.70 0.62 0.90 | -0.85 -0.64 0.10 | 9.50 0.64 0.78
0.93 0.76 0.00 | 2.80 0.64 0.70 | -0.80 -0.59 0.94 | 10.00 0.66 0.38
0.94 0.78 0.00 | 2.90 0.65 0.40 | -0.75 -0.53 1.00 | 10.50 0.68 0.14
0.95 0.79 0.00 | 3.00 0.66 0.24 | -0.70 -0.49 1.00 | 11.00 0.70 0.04
0.96 0.82 0.02 | 3.10 0.67 0.10 11.50 0.71 0.00
097 0.84 0.54 | 3.20 0.68 0.02 14.00 0.72 0.00
0.98 0.87 1.00 | 3.30 0.69 0.00 16.00 0.77 0.00
0.99 0.91 1.00 | 3.40 0.70 0.00 16.50 0.78 0.02
3.50 0.71 0.00 17.00 0.78 0.02
3.60 0.72 0.00 17.50 0.79 0.08
3.70 0.72 0.00 18.00 0.79 0.12
3.80 0.73 0.00 18.50 0.80 0.38
3.90 0.74 0.00 19.00 0.81 0.38
4.00 0.75 0.00 19.50 0.81 0.60
4.10 0.75 0.02 20.00 0.81 0.76
4.20 0.76 0.00 20.50 0.82 0.84
4.30 0.76 0.90 21.00 0.82 0.94
4.40 0.77 1.00 21.50 0.82 0.98
22.00 0.83 0.99
Table 3: Empirical power & for the test of Hy : ¢ = ¢y, against H; : ¢ =cy

(A is given in the first line); ¢y, and ¢\ belong to the same parametrical

family; n = 1024; prescribed level 5%; 7 and 79 are the Kendall’s tau.
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Copula for fit  Data 7=0.25 7 =0.50 7=0.75
to ¢y,
Gumbel Clayton 0.98 (0.72)  1.00 (0.99)  1.00 (1.00)
Gumbel  0.00 (0.05) 0.00 (0.05) 0.00 (0.05)
Frank 0.12 (0.15)  0.50 (0.40 )  0.94 (0.84)
Normal 0.02 (0.10) 0.08 (0.18) 0.48 (0.61)
Student(4) 0.24 (0.14)  0.10 (0.22)  0.28 (0.55)
Clayton Clayton  0.00 (0.05) 0.96 (0.05) 1.00 (0.05)
Gumbel 0.94 (0.86)  1.00 (1.00)  1.00 (1.00)
Frank 0.38 (0.56)  1.00 (0.96)  1.00 (1.00)
Normal 0.16 (0.50)  1.00 (0.93)  1.00 (1.00)
Student(4) 0.48 (0.56)  1.00 (0.95)  1.00 (1.00)
Frank Clayton 0.30 (0.40)  1.00 (0.89)  1.00 (0.97)
Gumbel 0.2 (0.33)  0.32 (0.63)  0.24 (0.82)
Frank 0.00 (0.05) 0.00 (0.05) 0.00 (0.05)
Normal 0.00 (0.08)  0.02 (0.20)  0.02 (0.41)
Student(4) 0.28 (0.18)  0.18 (0.08)  0.08 (0.06)
Normal Clayton  0.20 (0.31)  1.00 (0.80)  1.00 (0.92)
Gumbel  0.02 (0.24)  0.08 (0.38)  0.02 (0.38)
Frank 0.00 (0.08)  0.02 (0.20)  0.14 (0.42)
Normal  0.00 (0.05) 0.00 (0.05) 0.00 (0.05)
Student(4)  0.24 (0.10)  0.02 (0.08)  0.00 (0.06)
Student(4) Clayton 0.86 (0.27)  1.00 (0.77)  1.00 (0.93)
Gumbel 0.42 (0.19)  0.08 (0.34)  0.02 (0.42)
Frank 0.50 (0.09)  0.24 (0.27)  0.32 (0.41)
Normal 0.16 (0.05)  0.00 (0.04)  0.00 (0.04)
Student(4) 0.00 (0.05) 0.00 (0.05) 0.00 (0.05)

Table 4: Empirical power for the test of Hy : ¢ = ¢y, at the given level
a = 5% where c), is specified in the first column and the data are issue
from a copula density specified in the second column. The parameter of
each copula density is chosen such that the Kendall’s tau is respectively
7 =10.25,0.50,0.75. 44



